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Problem 1. Find all nonnegative real numbers a and b for which
[@® + 8 + (a+)*]" = 100",
(Adrian Satja Kurdija)

Solution. Let us notice that
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(a+1b)° > <:>a+b22'a%~b%<:><a%—b%) > 0.

(141 point)
Also, let us notice that it is possible to achieve equality in these two inequalities if and only if a = b.
By adding these two inequalities, we gather that
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[a3+b3+(a+b)3}2 > <2-a b2 4+8-a2-b > = 100a°b®.

(3 points)
So, we achieve equality in the problem if and only if a = b (it is necessary, and easy, to check that
equality is achieved if a = b). Therefore, the only solutions to this equation are pairs (a, b) = (¢, ¢),

where ¢ can be any nonnegative real number. (5 points)
[

Problem 2. In the forest, there are n trees lined up in a row, with n being a natural number greater
than 1. To each tree there are assigned two numbers in the following way: to the tree in the i-th
place (i =1, 2, ..., n), numbers assigned are a; i b;. b; is equal to either 1 or —1, while a; can be
any integer not equal to 0.

Horatio the Monkey stands on the k-th tree (k € {1, 2, ..., n}). He wishes to visit all n trees,
but in such a manner that he visits each tree exactly once, jumping according to the following
rule: From m-th (m € {1, 2, ..., n}) tree, he jumps a1b; + asby + ...+ a,,b,, places. Jumping r
places means jumping from the m-th tree to the (m + r)-th tree (r is not necessarily positive). If
m+1r < 1or m+r > n, Horatio will stay on the m-th tree and will jump no more.

Is it possible for Horatio, for any choice of numbers b;, to choose numbers a; so that he fulfills his
goal? (Before jumping he assignes a certain number to each tree and than starts to jump, meaning
he can not change numbers a; during his jumping.) (Melkior Ornik)

Solution. Firstly, let us notice that without loss of generality, we can assume b; =1 for every
1=1, 2, ..., n. We are only interested in products a; - b;, so, if some b; = —1, we simply change the
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sign of a;. Further, for n = 2, the answer to the question in the problem is obviously positive: we
let a; = 1 and as = —2. (1 point)
Now we will show that the answer is positive for any n € Ny n > 2. Let ¢; =ay +as + ...+ a;. Let’s
look at three cases.

1° k =1, so, Horatio “starts” from the first tree. We have the following two cases:

e n=2t+ 1, t being a natural number. In that case, for every j € {1, 2, ..., t} we let
cj=n—2j+1 and for every j € {t+2,t+3,...,2t+1} welet ¢; =n—2j+2. We
will let ¢;.1 = 0. Now we can see that Horatio jumps from j-th tree to (n — j + 1)-st
tree when j7 € {1, 2, ..., t} or to (n — j + 2)-nd tree when j € {t + 2, ¢t +3, ..., 2t + 1}.
So, he will jump from the first tree to the last one, from the last one to the second
and so forth until, at the end, he jumps from the tree immediately right to the mid-
dle of the middle tree (the middle tree is (¢ + 1)-st tree). We have, therefore, shown
that Horatio will succeed in his goal. What we still need to show is that a; # 0 for
all i €{2,3,...,t}. (For ay =c¢; =n—1+#0 it is directly true.) Furthermore, for all
ie{2,3,...,t}, a; =c¢; — ¢;_1. However, it is obvious that there does not exist i such
that ¢; = ¢;_1. With this, we have shown that Horatio can fulfill his goal in this case.

(3 points)

e n = 2t, where t is a natural number greater than 1. Then, for every j € {1, 2, ..., t} we
let ¢; =n—2j+1and for every j € {t +1,t+2, ..., 2t} welet ¢; =n —2j + 2. Now,
we can analogously draw the same conclusions as in the previous case. (1 point)

2° k = n, which means Horatio “starts” from the last tree. This situation is analogous to the
situation where k = 1 — Horatio only moves in the opposite direction all the time. So, in this
case too Horatio can succeed in his goal. (1 point)

3° 1 < k < n, which means Horatio “starts” from some tree which is neither the first nor the last
one. Let us observe trees starting with k-th and ending with n-th tree. We can imagine that
k is the first tree and then, according to the first case, we can see that he can visit them all
in a permitted way. The tree that Horatio will visit last is easily found (in the first case we
can se how). We can easily obtain a; for that tree such that, from it, Horatio jumps to the
(k — 1)-th tree. Now, let us observe trees starting with the first one and ending with k& — 1-th
one. According to the second case, Horatio can visit them all in a permitted way (if we look

at (k — 1) if it were the last tree). (3 points)
Finally, we have shown that Horatio can always succeed in his goal. (1 point)
|

Problem 3. An acute-angled triangle ABC' is given. Bisector of angle £ BAC intersects the side
BC in point K. Point L is the midpoint of segment AK and point N is the intersection of altitude
from vertex A and side BC. On side AB, point P is such that £ KLP = £ BAC. Circumcircle of
triangle AN P intersects side AC' in point Q. Prove that |AP| = |AQ)|. (Adrian Satja Kurdija)

Solution. Let k be a circle with center in L and diameter AK. By Thales’ theorem on a right
triangle AKN, point N is on the circle k. (1 point)
Let {BAC = LKLP = 2a. Then, L PAL = « (angle bisector). Angle A K'LP is an exterior angle of
triangle APL, so we can easily see that L APL = {KLP — {PAL =2a — a = «a. So, |[LA| = |LP|,
and, as LA is a radius of k, we can conclude that point P also lies on the circle k. Therefore,
£LAPK =90°. (3 points)
We have shown that points A, N and P lie on k, and, because of that, k is the circumcircle of triangle
ANP. So, point Q lies on circle k. AK is a diameter of k so it follows that angle £ AQK = 90°.

(2 points)



Now we can easily see that triangles APK and AQK are congruent (AK is their common side, they’re
both right and they both have one acute angle of the same size). We conclude that |AP| = |AQ).

(4 points)

|

Problem 4. Find all natural numbers z, y i 2 and a prime number p, which is of the form 4k + 1
(k € N), for which
4% + p¥ = 157,

(Melkior Ornik)

Solution. Let us denote the left side of this equality with L and the right with D. Because of
p=1 (mod 4), L =1 (mod 4) and, therefore, D = 1 (mod 4) must be true, which obviously means
15* =1 (mod 4). Since 15 = —1 (mod 4), we conclude that z must be even, so z = 2z;, where
2z € N (1 point)
Now we have

pY = (157 — 27) (157 + 2%),

and since p is prime, we can deduce that 15 — 2% = p® and 15 + 2% = p?, for o and [ which are

some integers for which 0 <a < 3 <. (1 point)
Now, let us look at two cases.

1° @ > 0. Then, we have p | p — p®, and since p’ — p® = 2™ we have p | 2°™, which means

p = 2. However, that is impossible since p =1 (mod 4). (1 point)

2° a=0. Then, 15** —2* = 1. If x = 1, we have 15*! = 3, which, obviously, does not give any
solutions. So, we have # > 2 and 1 = 15" — 2% = 15" (mod 4). Since 15 = —1 (mod 4), we
conclude that z; is even. Let z; = 225 for some natural number z,. (1 point)

Now, we have
(152 — 1) (152 + 1) = 2*.

It is obvious that 15 — 1 =2" and 15 + 1 = 2", where m and n are integers for which
0 <m < n < z. By subtracting given equalities, we gather 2" — 2" = 2. The only two powers
of 2 which differ by 2 are 4 and 2, so 152 = 3. However, this, once again, obviously gives no

solutions. (2 points)
Hence, we have shown that there are no solutions in natural numbers. (4 points)
[
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Problem 1. If z, y and z are positive real numbers for which z + y + z = 1, prove the inequality

1 1 1 1
+ + < .
Vity Vyt+z o Vrtax T 2ayz

(Adrian Satja Kurdija)

Solution. Multiplying the given inequality by 2,/zyz, we get an equivalent inequality

5 TyYz 49 :cyz+2\/xyz§\/§'
T+y y+z z+x

i §x+y<:>(x—y)220,so vy §x+y.Now,
rT+y 4 r+y 4

z+y Vaz+y

Let us notice that

(2 points)
Using Arithmetic Mean - Geometric Mean inequality (or using the fact that the square of a real

x
number is always nonnegative) on numbers 22 and +Y

V2
\/Z(x+y)=\/@§%<z\/§+x;§y> _ ($+yZQZ)\/§'

With this, we have shown that

, we get

(3 points)

TYr (x+y+22)v2

2
rT+y 4

Analogously, we show that

Yz (y + 2+ 22) V2

y+z 4 ’
o | TYE (z4z+2y) V2
z+z T 4 ’

By adding these three inequalities we get

WEE +2\/xyz +2\/ TYz <(4x+4y+4z)\/§:\/§‘

r+y Y+ z z+x 4
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We have, hence, proven the inequality in question. (5 points)
|

Problem 2. A natural number is written in each cell of 10 x 10 table. It is known that, no matter
which 5 columns and 5 rows of this table we choose, the sum of numbers in their 25 intersection
cells is even. Prove that all the numbers in the table are even.

Solution. Let us first prove the following lemma.

Lemma 1. If the sum of each 5 of the given 10 natural numbers is even, then all these numbers are
even.

Proof. Let’s assume the opposite. It is clear that not all numbers can be odd. Therefore, there has
to be at least one odd and at least one even number. Then, if there are 5 or more odd numbers, by
choosing 5 odd numbers we reach a contradiction. If there are less than 5 odd numbers, by choosing
4 even and one odd number, we also reach a contradiction. Hence, this lemma is proven. (2 points)

|
Let us observe any 5 columns of the given table. For every row of the table, let’s compute the sum
of numbers in cells which we get by intersecting the row with these 5 columns. That way we get 10
natural numbers (one for each row). The sum of any 5 of these numbers is even (this follows from
the conditions of the problem). Now, using Lemma 1, we conclude that each of these 10 sums is
even. (4 points)
By observing all possible choices of 5 columns of the given table, we get that the sum of each 5
numbers of every row is even. Again, using Lemma 1, we conclude that every number in each row
is even. Therefore, all numbers in the table is even. (4 points)

Problem 3. Let M, and N, be points on sides CA and CB of triangle ABC, respectively, such
that

1 1
ICM,| = —|CA|, |ON,|=——|CB|, VYneN.
n n—+1

Find the locus of points M;N; N M;N;, where ¢ and j are different natural number.
Note. M;N; N M;N; denotes the intersection of lines M;N; and M;N;.

Solution. We intend to show that all the mentioned lines intersect in one point. That will be point
D such that quadrilateral ABDC' is a parallelogram. (1 point)

A /'B

Let n be any natural number. We draw line p parallel to line AC such that B is on p . Let D be the
intersection of p i M, N,. Let us notice that L M,CN,, = LACB = LCBD = AN, BD (alternate
interior angles) and £C'N,,M,, = L BN, D (vertical angles). So, we have shown that triangles C M, N,,
and BDN,, are similar (they have two equal angles). (2 points)



Now,
|BD| _ |BN,|

|CM,| |CN,|’

which means

[CM,|- [BN,| _ 3 -|CA|- (|CB| —|CN,|)
|C'N,| |C'N,|
L|CA|- (|ICB| - =5 |CB])
#1 |CB]
% |C' Al - ] |CB|
#1 |CB]

= |C4.

|BD| =

With this, we have shown that |BD| = |AC| and, since we know that BD || AC, it follows that
quadrilateral ABDC' is a parallelogram. (4 points)
Now we know that line M,, V,, goes through point D such that quadrilateral ABDC' is a parallelogram
for each natural number n. Finally, we conclude that the locus of M;N; N M;N;, where i and j are

different natural numbers, is point D such that quadrilateral ABDC' is a parallelogram. (3 points)
|

Problem 4. a, b and c are natural numbers. It is known that a?® 4+ b* + abc has no more than 2008
natural divisors and that it is divisible by (¢ + 2)1004. Prove that a and b are not relatively prime.
(Adrian Satja Kurdija)

Solution. Let A = a® + b* + abc and p = ¢ + 2, having in mind that then p > 3. Let’s assume that
there exists a prime number ¢ such that ¢* | p. Then, ¢*°°® | A, and as ¢*°*® itself has 2009 > 2008
divisors, we reach a contradiction. So, there does not exist a prime number ¢ such that ¢* | p.
Further, let us assume that there exist different prime numbers r» and s which divide p. Then,
1100451004 | A and, obviously, 1005% > 2008 and we, again, have a contradiction. Hence, there do not
exist two different prime numbers which both divide p. With all of this, we have shown that p is
prime. (2 points)
Now, ¢ = p — 2, and, for that reason,

A=a>+b*+abc=a>+b*+ab(p—2) = a® — 2ab + b* + abp = (a — b)* + abp.

Since p | A and p | abp, it follows that p | (a — b)2 and, since p is prime, it further follows that
p | a —b. From this, we conclude finally that p? | (a — b)*. (2 points)
Furthermore, p® | A and p* | (a — b)2, so p* | abp, which leads to p | ab, must also be true. (1 point)
Now we know that p|a—0b, p | ab and that p is prime. Since p | ab, this means that p divides at

least one of the numbers a and b. (1 point)
Without loss of generality, we may assume that p | a. Then, from p | a — b, it directly follows that
p | b. So, numbers a and b are not relatively prime. (4 points)

|
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Problem 1. Find all functions f: R — R such that for every two real numbers z and y,
Ff @) +ay)=f(z)- fly+1).
(Marko Radovanovic)

Solution. Obvious solutions are f () =0, Vx € R; f(x) =1,Ve € Rand f(z) ==z, Vo € R.

(1 point)

Let z:=0,y:=t—1. Then, f(f(0)) = f(0) f(¢), Vt € R. (1 point)
Let us consider two cases.

1° f(0) # 0. Then, for each t € R | it is true that f (t) = % = k. (1 point)

By plugging t = 0, we reach f (O)2 =f(f(0)ork* =k Ifk =0, we get f(0) =0, which gives
a contradiction. So, k = 1 must hold. In that case, we reach this solution: f(z) =1, Vo € R.

(2 points)
2° f(0) = 0. Now we shall consider following two cases:
e f(z)=0if and only if z = 0. Then, if we plug y := —1, we reach
f(f@)—z)=f(@)f0)=0=f(z)-2=0—= [f(z) =
So, in this case we reach this solution: f (z) =z, Vo € R. (2 points)
t
e There exists a real number zy # 0 such that f (zo) =0. Then, let z := xy and y := —
x
for some real number t. Then, ’
t t
P o =) = f (£ 41) =0—= 1) =0
i) Zo
Finally, we reach the solution f (z) =0, Vz € R. (2 points)
We can see that functions mentioned in the beginning (and only those functions) satisfy the condi-
tions of the problem. (1 point)
|

Problem 2. Paralampius the Gnu stands on number 1 on number line. He wants to come to a
natural number k£ by a sequence of consecutive jumps. Let us denote the number of ways on which
Paralampius can come from number 1 to number & with f (k) (f: N — Np). Specially, f (1) =0. A
way is a sequence of numbers (with order) which Paralampius has visited on his travel from number
1 to number k. Paralampius can, from number b, jump to number

1



e 2b (always),

e 3b (always),
4
o V2 (if ok € N, where k is a natural number on which he wants to come to in the end).

Prove that, for every natural number n, there exists a natural number mgq such that for every natural
number m > my,
f (m) < 2a1+a2+...+ai—n

where m = pi* - pg? - ... pi (p1 < p2 < ... < p; are prime divisors of number m and i, oy, s, ..., a;
are natural numbers) is a prime factorization of natural number m. It is known that this factoriza-

tion is unique for every natural number m > 1.
(Melkior Ornik, Ivan Krijan)

Solution. Let’s notice that Paralampius can only reach numbers of the form 2% -3 (a, b € Ny).
That is because neither one of the allowed jumps “introduces” a prime factor different than 2 or
3 (first jump “introduces” 2, second one “introduces” 3, while the last one doubles the number of
each of already existing prime numbers). Therefore, for each natural number m divisible by a prime
number p > 3, it holds that f (m) = 0 < 2*17*>T-+%~" yn e N. Specially, the same claim holds for
f(1). Let us continue by observing only numbers of the form 2 - 3% (a, b € Ny), where at least one
of numbers a and b differs from 0. Let’s introduce the following symbols.

1. (k,1), k,1€Ny, k*+1>>1 will denote number 2k .3, This k can be any nonnegative
integer — it has no connection to k£ from the text of the problem.

2. g:NgxNg—No, g(k, 1)=f(2"3), K+P>1
Now we can write that Paralampius can jump from pair (k, [) to pair
o (k+1,1) (always),
o (k,1+1) (always),
o (2k,20) (if 4k>a+1 and 4[> b+ 1 with pair (a, b) being the goal).

Let pair (a, b) in further text always mark the number which is Paralampius’ goal. Let’s show that
Paralampius can jump according to the third rule once, at most. Let’s assume the opposite, that is,
that Paralampius has jump from pair (k, [) to pair (2k, 2[) and after a couple of jumps, again from
pair (k1, l1) to pair (2k;, 2l;). It is obvious that none of these rules decrease any element in a pair.
On the contrary, every rule increases at leas one number in a pair, while the third rule increases

1
(doubles) both numbers. So, it is true that ky > 2k > @t

mentioned previously, none of the rules will decrease numbers in a pair, so Paralampius will never
be able to reach pair (a, b). Contradiction! So, Paralampius will jump according to the third rule
at mose once. If he never jumps according to the third rule, he can jump from (0, 0) to (a, b) in

a+b
b
ways. Further, if Paralampius jumps once according to the third rule, for instance from pair (k, [) to
pair (2k, 2[), then it must hold for £ and [ that 4k > a 4+ 1 and 4] > b+ 1 (condition of the problem),

but also (to keep Paralampius from “overjumping” the goal, because, as we have shown, he can not
return) 2k < a and 2/ < b. So, Paralampius can come from (0, 0) to (a, b), if he jumps once from

(k, 1) to (2k, 21) in
k+1 a+b—2k—2I
l b—2l

, 80 2k1 > a+ 1 > a, and, as it has been



ways. According to that, Paralampius can come from (0, 0) to (a, b) in, altogether,

g(a, b) = <a+b) a+§< gg(kH) ‘ (a+bb—_22kl—2l)

a
2

ways. (2 points)
Now our problem boils down to showing that for each natural number n there exists a natural
number mg such that for every natural number 2% - 3° > my (a, beNy, a®+b* > 1), it holds that

g (a, b) < 20707,

Let us now show three lemmas.

Lemma 1. For all natural numbers z and y, (az) < 277! holds.
)

T

2

Proof. We know that (x) < (f J), so it suffices to prove that, for every natural number z,
)

X

(1)

assume that for some z € N, (ij) < 271 Then,
2

(f%j) - (L%J) - (L%D <242l =20

We shall notice that equality is only possible if z = 1 or x = 2. This proves our first lemma.
(1 point)
|

1
< 2771 We will show this using mathematical induction. For x =1, (0> <271 Tet’s

Lemma 2. There exists a natural number ¢; such that, if @ > ¢; or b > ¢; (then a + b > ¢;), then
(a+3)(b+3) < 2.

Proof. If we fix a + b, then the left side reaches its maximum for a = b. Let then be M = a + b + 6.
Then,
M = (a+3)+ (b+3) > [using AM-GM inequality] > 2v/(a +b) (b+ 3).

So, it suffices to show that there exists a natural number ¢; such that for every natural number
x > ¢ it holds that
(z+3)° <27 < (z+3)" < 2%

It is obvious that the left side of this inequality “grows more slowly” than the right side, so it is
enough to show that there exists at least one such natural number z. We can directly see that, for
example, x = 20 has this property. (1 point)

|

Lemma 3. For every natural number n there exists natural number ¢ such that, if a > c or b > ¢

(then a + b > ¢), then
(CL + b) < 2a+b—n—1
; .

(") = (fay)

Proof. We know that

w



so, in general,

a+b < 2x’ where 1 — a+b .
b T 2

Now, it is enough to show that for each natural number n there exists natural number ¢ such that,

if z > ¢, then
2z < 22:c—n—1
. )

2x + 2 2
v ) <4- ( x) <= 2>0, and 222"l = 4. 9% =l Qo iy
xr

Further, let us notice that (
r+1
2
inductively follows that, if we show that there exists ¢ € N such that ( c) < 2%2¢77=1 then, for
c

2x
every natural number x > c, < ) < 22277~ il]l hold. Let us now prove that such ¢ € N exists.
x

2c < 22C—n—1
C

(20)' < 220—n—1

cl- ¢l
(2¢) (2¢c—=1)(2¢—2)-...-2-1
2le—1)7(c—2)%...-22.12
20.c(c—1)(c—2)-...-2-1-(2c—1)(2¢—3)-...-3-1
2(c—1)%-....22.12
(2¢=1)(2¢—3)-...-3-1
cle=1)-...-2-1
(2c—1)(2c—3)-...-3-1
2¢.¢c(c—=1)-...-2-1
(2¢) (2¢—2) (2¢—4)-...-4-2
(2c—1)(2c—3)-...-3-1

1 1 1
1 1 1) > 2t
(+2c—1)(+2c—3> <+1)>

Obviously ( 1+ ! 1+ ! 1—1—1 > ! + ! + +1f t
viously o 5 —3) 1) 25,1 T oo —35 T T 7 for every natu-

ral number ¢, so it suffices to show that there exists a natural number ¢ such that

1 1 1
4= > onth
%1 2c_3 " "1"°

L 1 el 1 +...—|—1,thatis,
2c—=1 2¢-3 17 2 2c-2 2
L R L+t
2c—1  2c—-3 1~ 2 ’
it is enough for us to show that there exists a natural number ¢ such that

11
-
Cc

2c—n—1

< 220—71,—1

< 207n71

< 2—n—1

> 2n+1

[ A

==

1
R L
c—ljL +1

1 1
Let’s notice that for every nonnegative integer ¢, ¥ 1 + SO +...+ o1 > R This follows from

the fact that, on the left side of the inequality, we have 2 summands, each one of which is larger or

1
equal than PR Now it directly follows that

1 1 1 1
n+2
22n+3+22n+3_1 22n+3_2+"'+I>2 :

+

4



With this, we have finally proven this lemma. (3 points)
|
Now, we wish to show that for every natural number n there exists a natural number ¢ such that, if

a>torb>t, then
k+1 a+b—2k—2l atb—n—1
> X (7)) e

Further, let’s fix n. Let t be such natural number that ¢ > ¢; and t > ¢, where ¢; and ¢ are numbers
of Lemma 2, that is, from Lenma 3. Let us observe numbers defined by pair (a, b), where a + 1 > 4t
or b+ 1 > 4t. Then, if Paralampius jumps on his travel from pair (k, [) to pair (2k, 21), for numbers
1 b+ 1
k and [ it holds that k£ +{ > ¢ because k > % and [ > +
k+1
l

x
< ) < 271 50, because of that,

Yy
Z Z <k' + l) ‘ (a +b—2k — 2l> _ Z Z ofHl-n—1 ga+b—2k-20-1
b— 2l

afl at1 @ btl oy b
<k< tlck<g bt

,s0 k>torl >t So, because of

Lemma 3, ( ) < ok+l=n=1 " According to Lemma 1, we have that for all z, y € N, it holds that

a
2

=~ o

a a
Since k > 1 and [ > —, we can see that it suffices to show that (we set k to be exactly equal to 1

E : E : 24a+4b n—2 2a+b7n71

ol <<
— 2

and the same for 1)

|/\
(SIS

a+1 a+3
;e

for numbers [. So, it is enough for us to show

a
It is obvious that there exists at most — —

possible numbers k. The same is true

(CL + 3) (b + 3) i 2%a+%b—n—5 < 2a+b—n.

Since a >4t —1 or b > 4t — 1, then a >t or b >t and, since t > ¢y, where ¢; is the number from
Lemma 2, it is obvious that a > ¢; or b > ¢;, so, because of Lemma 2, wanted inequality directly
follows. With this we have shown that for every natural number n, there exists a natural number ¢
such that, if a > ¢ or b > ¢, then

k+1 a+b—2k—2l
. 2a+b—n—1'
> = (7))

atl<p<g bt

M\p

In our case, this natural number ¢ is such that ¢ > 4¢; and ¢ > 4c¢, where ¢; and ¢ are numbers from
Lemma 2, that is, from Lemma 3. (2 points)
It is obvious that, for such natural number ¢, because of Lemma 3, the following holds:

(CL + b) < 2a+bfn71
b .

By adding the last two inequalities (we have shown that they hold), we reach that
g (a, b) < 20+,

what we have wanted to show. That is, we have shown that for every natural number n there exists

a natural number mg such that for every natural number 2% - 3° > my (a, beNy, a>+b* > 1), it
holds that
g(a, b) < 20707,

b}



(1 point)
n

Problem 3. A convex n-gon (n € N, n > 2) is given in the plane. Its area is less than 1. For each
point X of this plane, we shall denote with F'(X) the area of the convex hull of point X and a given
n-gon (the area of the minimal convex polygon which includes both the point X and a given n-gon).
Prove that the set of points for which F'(X) = 1 is a convex polygon with 2n sides or less.

Solution. Let S be the set of all points T" of the given plane such that F'(T") = 1. If is obvious that
all these points T are outside the given n-gon. Area of the given n-gon is less than 1, and when
point 7" belongs to the interior (or the edge) of the given n-gon, it itself becomes our wanted convex
hull. (1 point)
Point T is outside the n-gon if there exists a line which passes through 7" such that it has no common
points with the n-gon. Let’s observe the following image.

Let Ay, Ay, ..., A, be vertices of the given n-gon. Also, let A; = A(jmoan) (j € Z), where
(j mod n) = z is a number from the set {0, 1, ..., n — 1} such that j = x (mod n). We say that a
diagonal of the given n-gon is wisible if the entire n-gon is inside the angle with its vertex in 7" whose
chord is that diagonal. For example, (observe image) diagonal A;A;, (i, k € Z), with respect to X,

is visible. (1 point)
A; Ay, is a visible diagonal. Inside the triangle A;X A, there are vertices A; i1, Airo, ..., Ay_1 and
outside of it all the remaining vertices of the given n-gon. So, the area F' (X) is equal to the sum of
areas of the triangle A; X Ay, and polygon AgAg,1... Ai 14;. (1 point)
Let [ be a line through X parallel to the line A;A; and let A and B be the intersections of [ and
lines A;_1A; 1 Apy1Ayg, respectively. (1 point)

If F(X)=1, then X is an element of S. Then, it is obvious that all points 7" that are on line !
and for which A;A; is a visible diagonal are also elements of set S. Furthermore, diagonal A; A, is
no longer visible to the point T" as T' moves on [ and becomes colinear with some side of the given
n-gon. So, all points T' of line [ that are possibly in S (which they are if X is in S) are on the
segment AB. (2 points)
Now we can easily deduce the following conclusion: By observing all points 7' € S we can see that,
as they “go around” the given n-gon, with them also rotate their respective visible diagonals. Every
point of the given n-gon can, therefore, become one endpoint of some of the visible diagonals (vis-
ible diagonals interesting to us — those who are visible with respect to some point from the set S)



exactly once, and only exactly once stop being the endpoint. Because of that, there can be at most

2n interesting visible diagonals. It is clear that we will get a convex polygon — as point 7' rotates

around the given n-gon, segments AB rotate with her and one always “connects” itself to the other
one.

(5 points)

|

Problem 4. Prove that for every natural number £, there exist infinitely many natural numbers n

such that

—d(nT
R—WEZ,foreveryre{l, 2, ..., k}.
,

Here, d (x) denotes the number of natural divisors of a natural number x, including 1 and x itself.

(Melkior Ornik)

Solution. Let us first prove the following lemma.
Lemma 1l. d(n")=1 (mod r).

Proof. Let n=p{'-p3*-...-p", where p; < ps <...<p; are all prime divisors of the natural
number n and ¢, aq, ag, ..., ; are natural numbers, be the prime factorization of n. Then,
n"=pttepy™ g
that is, d (n") = (ray + 1) - (rag + 1) - ... - (ra; + 1). (1 point)
Clearly, for every j € {1, 2, ..., i}, the following holds: ra; +1 =1 (mod r), so
din"y=(rag +1)-(rag+1)-...-(ra;+1)=1"=1 (mod r).
This has proven the lemma. (1 point)

|
Now, our problem (because of Lemma 1) boils down to showing that for every natural number k
there exists infinitely many natural numbers n such that

rin—1, Vre{l, 2, ..., k}.

Let n = m - k! + 1, m being a natural number. (1 point)
Now it is obvious that n = m - k! + 1 = [because of r | k!] =1 (mod r) for every r € {1, 2, ..., k}.
Because of that, for this choice of number n we have r | n — 1 for every r € {1, 2, ..., k}. (1 point)
As m can be any natural number, for every natural number k there exists infinitely many natural
numbers n such that r | n — 1 for every r € {1, 2, ..., k}. This is, because of Lemma 1, equivalent
to the problem claim. (6 points)

|
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