Moldovan Team Selection Tests 2008

First Test

1. Letp be a prime number. Find all non-negative integeandy such thaix® +
y—3xy=p-—1.

2. Aset{1,2,...,3k} is said to have aroperty D if it can be partitioned into dis-
joint triples so that in each of the triplets there is one nanthat is equal to the
sum of the other two.

(a) Provetha{l,2,...,3324} has the propert.
(b) Prove thaf1,2,...,3309 does not have the propery.
3. Letl(I,r) andl'(O,R) be the incircle and the circumcircle #fABC, respec-
tively. Consider all triangles that are simultaneouslciitsed inl"(O,R) and

circumscribed aboui(l,r). Prove that the centroids of all such triangles belong
to a circle.

4. A non-zero polynomialSe€ R[X,Y] is calledhomogenous of degreed if there is
a positive integed such thatS(Ax,Ay) = A95(x,y) for all x,y,A € R. Assume
thatP, Q € R[X, Y] are two polynomials such th&t is homogenous of degree
andP | Q. Prove thaP is homogenous of degrekas well.

Second Test

1. Find all pairgx,y) of real numbers that solve the following system:

X34+ 3xy? =49,
X2+ 8xy+y? =8y+17x.

2. Letay,...,ay be positive real numbers whose total sum is less than or e¢gual
n/2. Find the minimal value of

24> %+1+ + %+1
24 = I ey
3% & a

3. Letw be a circumcircle oNABC and letD be a fixed point oBC different than
B andC. Let X be a variable point oBC different thanD. Denote byY the
second intersection point @X and w. Prove that the circumcircle af XYD
passes through a fixed point.

4. Find the number of even permutations{@f2,...,n} with no fixed points.

Third Test
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1. Determine a subsé& C N with 5 different elements such that the sum of the
squares of its elements is equal to their product.

2. Let p be a prime number ankl n be positive integers such thatandn are
3
relatively prime. Prove tha(f‘bﬁ ) andp are relatively prime.

3. The bisector of the anglCB of AABC intersects the sid&B atD. Consider an
arbitrary circlew passing througl® andD that is tangent to neithd&C nor CA.
Let M be the intersection ab with BC andN the intersection oo with CA.

(a) Prove that there is a circte such thaDM andDN are tangent ta@ atM
andN, respectively.

(b) Denote byP andQ the intersection of the linedBC andCA with o, respec-
tively. Prove that the lengths &P andNQ do not depend on the choice
of w.

4. A non-empty se8 of positive integers is calledood if there is a coloring with
2008 colors of all positive integers so that no number fi®is the sum of two
different positive integers (not necessarily fr@nof the same color. FInd the
largest value that can take so that the s8t= {a+1,a+2,...,a+t} is good
for every positive integea.
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