Chinese IMO Team Selection Test 2009

Time: 4.5 hours each day.

First Day

1. Let ABC be a triangle. PoinD lies on the sideBC such that/CAD = ZCBA.
Circle k passing througlB and D intersectsAB, AD at E andF respectively.
Assume thaBF intersectDE at G. Denote byM the midpoint ofAG. Show
thatCM L AO.

2. Given an integen > 2. Find the maximal constaat(n) such that: If a sequence
ag,a1,...,an of real numbers satisfiesfag < a; < --- < ay, anda; > %(a;+1+
a-1),i=12,...,n—1,then

<iia@>22)\(n)i&2-

3. Prove that for any odd prime the number of positive integerssatisfyingp |
n! + 1 is smaller than or equal tp?® wherec is a constant independent pf

Second Day

4. a andb are positive real numbers such thet a > 2. Prove that for any two
distinct integersn, n € [a, b) there exists non-empty s8iC [ab, (a+ 1)(b+1))
such thal% ‘NxesX is a square of a rational number.

5. Letm,n be integers such thatis odd and satisfies 8 n < 2m. Numbersa;
(,j €N, 1<i<m1<j<n)satisfy:

1° Forany 1< j <n,ayj,aj,...,amj is a permutation of 2,...,m;
2° Foranyl<i<mqg<j<n-1,la;—aj <1
Find the minimal value of map&sz’j‘:lai,j.

6. Determine whether there exists an arithmetic prograssiasisting of 40 terms
each of which can be written in the form'2- 3" for some integerm, n.
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