
Chinese IMO Team Selection Test 2009

Time: 4.5 hours each day.

First Day

1. Let ABC be a triangle. PointD lies on the sideBC such that∠CAD = ∠CBA.
Circle k passing throughB andD intersectsAB, AD at E andF respectively.
Assume thatBF intersectsDE at G. Denote byM the midpoint ofAG. Show
thatCM ⊥ AO.

2. Given an integern ≥ 2. Find the maximal constantλ (n) such that: If a sequence
a0,a1, . . . ,an of real numbers satisfies 0= a0 ≤ a1 ≤ ·· · ≤ an, andai ≥

1
2(ai+1+

ai−1), i = 1,2, . . . ,n−1, then
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)2

≥ λ (n)
n

∑
i=1

a2
i .

3. Prove that for any odd primep the number of positive integersn satisfyingp |
n! +1 is smaller than or equal tocp2/3 wherec is a constant independent ofp.

Second Day

4. a andb are positive real numbers such thatb− a > 2. Prove that for any two
distinct integersm,n ∈ [a,b) there exists non-empty setS ⊆ [ab,(a +1)(b +1))
such that 1

mn ·∏x∈S x is a square of a rational number.

5. Let m,n be integers such thatn is odd and satisfies 3≤ n < 2m. Numbersai, j

(i, j ∈ N, 1≤ i ≤ m,1≤ j ≤ n) satisfy:

1◦ For any 1≤ j ≤ n, a1, j,a2, j, . . . ,am, j is a permutation of 1,2, . . . ,m;

2◦ For any 1< i ≤ m, q ≤ j ≤ n−1, |ai, j −ai, j+1| ≤ 1.

Find the minimal value of max1<i<m ∑n
j=1ai, j.

6. Determine whether there exists an arithmetic progression consisting of 40 terms
each of which can be written in the form 2m +3n for some integersm, n.
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www.imomath.com


