25-th Yugoslav Federal Mathematical Competition 1984

High School
Smederevska Palanka, April 1984

1-st Grade

1. The number is obtained by writing numbers,2,....101 one after another.
Prove that is a composite number. &sa perfect square?

2. Suppos@, b, c are three pairwise distinct numbers which satisfy

a+ b n c
b—-c c—a a—-b

Prove that—2 + b + °__
(b—c)?  (c-a)? (a—b)?

3. LetObe a pointinside triangl&BC and let the lines through which are parallel
to CA,AB,BC meetAB,BC,CA atK,L, M, respectively. Line€K andAL, AL
andBM, BM andCK intersect at point®, Q, R respectively. Prove that the sum
of the areas of triangledK P, BLQ andCMR is equal to the area of triangRQR.

0.

0.

4. Each of the 25 cells of a6 5 table is colored in one of two colors. Prove that
there exist four cells of the same color whose centers foractangle with sides
parallel to the sides of the big square. Prove that the seteim false for a 4« 4
table.

2-nd Grade

1. Letp, denote then-th prime number and let(n) be the number of prime num-
bers not exceeding If
A={n+py|neN} and B={n+m(n)+1|neN},
prove thatANB =0 andAUB =N\ {1}.
2. If real numbers,y, z satisfy the equalities
X+y+z=2 and xy+yz+zx=1,
show that they lie in the intervad, 4/3].

3. In a convex quadrilateradBCD it holds that /ABD = 50°, Z/ADB = 80,
/ACB = 40° and/DBC = /BDC + 30°. Compute/DBC.

4. Any two cities in a country are connected by a direct ong-aiaroute. Prove
that there is a city from which one can reach any other city \ait most one
change.
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3-rd and 4-th Grades

1. Determine a sequenc¢a,) which satisfies the condition

1+ ;(—1)”/dad =0, n=123,...
dn

2. Show that for every natural numhethe equation

n n+1
<\/§2—1> - <\/§2—1> yo1

has exactly one solution in integers.

3. LetABCD be a given quadrilateral. Prove that if there is a p&im the plane
such that triangle#&BP andCDP are equally oriented isosceles right triangles
with the right angles aP, then there is a poir such that triangleBCQ and
DAQ are equally oriented isosceles right triangles with thiatrangles aQ.

4. LetSbe a set oin elements. Find the greatestfor which there is a family
{S1,S,...,Sn} of distinct nonempty subsets &such that the intersection of
any three sets from the family is empty.
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