44-th Federal Mathematical Competition of Serbia and
Montenegro 2004

_High School
Sabac, April 17, 2004

Time allowed hours.
Each problem is wortl25 points.

1-st Grade

1. Find all pairs of positive integefs, b) such that &° — b = 2004

2. In a triangleABC, pointsD andE are taken on ray§B andCA respectively so

thatCD=CE = ACH BC. LetH be the orthocenter of the triangle, aRdbe the

midpoint of the ardAB of the circumcircle ofABC not containingC. Prove that
the lineDE bisects the segmehtP.

(R. Stanojevi€)

3. If a,b,c are positive numbers such theic= 1, prove the inequality

1 1 1
1 1+ 1 1+ 1.1 = V2
\/b+5+§ \/C+B+§ \/a+5+§ (R. Stanojevic)

4. A setSof 100 points, no four in a plane, is given in space. Provetthete are
no more than 41012 tetrahedra with the vertices B such that any two of them
have at most two vertices in common.

(R. Doroslovacki)

2-nd Grade

" b . .
1. Suppose that, b, c are positive numbers such tl%tk p + g is an integer. Show
thatabcis a perfect cube. (D. Bukict)

2. Letr be the inradius of an acute triangle. Prove that the sum oflistances
from the orthocenter to the sides of the triangle does nae&xX@r. Stanojevit)

3. LetM, N, P be arbitrary points on the sid&&C,CA AB respectively of an acute-
angled triangleABC. Prove that at least one of the following inequalities is sat
isfied:

NP> %BC, PM > %CA MN > %AB. (D. Bukic)
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4. Baron Minchausen talked to a mathematician. Baron satithhis country
from any town one can reach any other town by a road. Also, & makes a
circular trip from any town, one passes through an odd nurobether towns.
By this, as an answer to the mathematician’s question, eaiahthat each town
is counted as many times as it is passed through. Baron alkealdidat the same
number of roads start at each town in his country, excepti®tawn where he
was born, at which a smaller number of roads start. Then thikensatician said
that baron lied. How did he conclude that? (V. Baltic)

3-rd and 4-th Grades

1. In atriangleABC of the are&5, pointH is the orthocente, E, F are the feet of
the altitudes fronA, B,C, andP, Q, R are the reflections o&, B,C in BC,CA, AB,
respectively. The triangleBEF and PQR have the same aréb. Given that

T> gS prove thafl = S. (R. Stanojevit)
2. The sequenci@,) is determined byy = 0 and
(n+1)%an1 = 2n%(2n+1)an+2(3n+1) forn>1.

Prove that infinitely many terms of the sequence are positiegers.
(D. Krtinic)

3. LetA={1,23,...,11}. How many subsetB of A are there, such that for each
ne {1,2,...,8}, if nandn+ 2 are inB then at least one of the numbers- 1
andn+ 3is also inB? (R. Doroslovacki)

4. The sequenc@,) is given bya; = x € R and 3n:1 =an+1forn> 1. Set

hd 1 i 1
S (]
&6l P
Compute the sumA+ B in terms ofx. (B. Krtinic)
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