40-th Yugoslav Federal Mathematical Competition 2000
High School
Negotin, April 15, 2000

Time allowed 4 hours.
Each problemisworth 25 points.

1-st Grade

=

. Initially, there is one amoeba in a test-tube. Every sdcone of the following
two changes happens: either a few amoebas divide into sexermones each,
or exactly one dies. After how many seconds at least can teexactly 2000
amoebas in the test-tube?

2. Let

1 1
S=1+

1 1 1 '
I+ 1+ 5+ + 272000
Prove thaS> 1003.
3. Linesa,b,c, parallel to sidesBC,CA,AB of a triangle ABC respectively, are
drawn through a poir® inside the triangle. Led meetAB, AC atC,, B;, b meet

BC,BA at A;,C;, andc meetCA,CB at By, A1, respectively. Prove that triangles
A;1B1C1 andAyB,C; have equal areas.

4. All vertices of a polygon in a coordinate plane are intggents, and all its sides
have integer lengths. Prove that its perimeter is even.

2-nd Grade

1. LetABCD be an inscribed quadrilateral. Prove that
|AB—CD| + |BC—DA| > 2|AC—BD|.

2. Givenn € N, how many sequencesy, Xy, ...,X,) of 0,1,2,3 are there, such
that for anyi = 1,2,...,n— 1, the ordered paifx;, x;+1) is not one of the pairs
(1,2),(1,3),(3,2),(3,3)?

3. Among the points corresponding to number2 1 .,2n on the real linen are
colored in blue andhin red. Leta; < a» < --- < a, be the blue points and
by > by > --- > by be the red points. Prove that the sum

|ag —by| + -+ +|an — by|
does not depend on coloring, and compute its value.

a’+b?

4. Prove that every positive rational number can be writtethe formm,

wherea, b, c,d are positive integers.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



3-rd and 4-th Grades

1. Leta andb be skew lines determined by two sides of a cube, anB keta and
Q € b be points such th&Q is the common perpendicular goandb. Find all
possible values dfIP/PN, whereM, N are the vertices of the cube an

2. Numbers 12,...,64 are written in a & 8 board. For every two numbeaish with
a> bin the same row or column, the ratigh is calculated. Theharacteristic
of the board is defined as the least of these ratios. Find tetegt possible value
of a characteristic.

3. Denote hySthe set of all primep such that the decimal representation gpl
has the fundamental period divisible by 3. For epch S, we can write 1p=
0.C1C2---Czr, where 3 is the fundamental period gf, we define

f(k,p) = ak+ asr +arar
for everyk=1,2,...,r. Determine the maximum possible valuefdk, p).

4. Prove that for every positive integeit holds that:

ii(—l)i <2”i_ i> 2202 _on4 1,
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