Viethamese IMO Team Selection Test 2002
First Day

1. In a triangleABC with an acute angle &, letH be the feet of the altitude from
A, M be the midpoint ofBC, x andy be the trisectors of the angke (where
/BAx = /xAy = ZyAC), andN, P be the intersection points of the perpendicular
bisector of sidBC with raysx andy, respectively. Find all triangleABC with
the property thafB = NP = 2HM.

2. A positive integelNp is written on a board. Two playefsandB play the follow-
ing game. A player on turn erases the number on the board t@lbgN) and
writes one of the numbef$— 1, [N/3]. They play alternately, andbegins. The
player who first manages to write number 0 wins the game. Whkahainning
strategy ifNp is

32002_ 1 32002_|_ 1
; No =
> (€) No 5

(8)No = 120; (b)No = ?

3. A positive integem has a prime divisor greater thar2m+ 1. Find the least
positive integeM for which there is a finite séf of positive integers satisfying
the following conditions:

(i) misthe least anil the greatest element iiy;
(ii) the product of all numbers if is a perfect square.

Second Day

4. Consider a rectangular boamck 2n, wheren > 2 is a given integer. One marks
n? arbitrary cells of the board. Prove that for any positivegerk < [n/2] + 1
there exisk rows of the board such that the rectangular bdaxd?n formed by
thesek rows has at least

kl(n—2k+2)
(n—=1)(n—2)---(n—k+1)

columns in which all cells are marked.

5. Find all polynomiald(x) with integer coefficients for which there is a polyno-
mial Q(x) with integer coefficients such that

Q(x)? = (x* + 6x+ 10)P(x)? — 1.

6. Prove that there exist distinct positive integarsay, . . . ,am with m > 2002 such
m m
that[]a? -4 a? is a perfect square.
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