28-th Viethamese Mathematical Olympiad 1990

First Day
1. The sequenci,) is defined byx; = a, |a| < 1, and for alin > 1,

—Xn++/3—3x2
—

(a) Find the necessary and sufficient conditiongao that eackx, > 0.
(b) Prove that the sequence is periodic for any choice of

Xn+1 =

2. Atleasth— 1 numbers are removed from the et {1,2,...,2n— 1} according
to the following rules:

(i) If ais removed, sois&,
(iiy If aandbare removed, so ia+ b.

Find the way of removing numbers such that the sum of the r@m@nhumbers
is maximum possible.

3. A tetrahedron is to be cut by three planes which form a [segiped whose
three faces and all vertices lie on the surface of the tethaime

(a) Can this be done so that the volume of the paralleleppatieast 940 of
the volume of the tetrahedron?

(b) Determine the common point of the three planes if the malwf the par-
allelepiped is 1150 of the volume of the tetrahedron.

Second Day

4. A triangle ABC is given in the plane. Le¥l be a point inside the triangle and
A .B',C’ be its projections on the sid&C,CA, AB, respectively. Find the locus
of M for whichMA-MA' = MB-MB' = MC-MC'.

5. Suppos®(x) is a non-constant polynomial with real coefficients satrsfy
PX)P(2®) =P(3C+x) forallxeR.
Prove thaP has no real roots.

6. The children sitting around a circle are playing the gamlows. At first the
teacher gives each child an even number of candies (may e @rtain child
gives half of his candies to his neighbor on the right. Thencthild who has just
received candies does the same if he has an even number éésanitierwise
he gets one candy from the teacher and then does the job; amd so

Prove that after several steps there will be a child who véllable, giving the
teacher half of his candies, to make the numbers of candia$f tife children
equal.
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