10-th Taiwanese Mathematical Olympiad 2001
Time: 4.5 hours each day.

Part 1 — Taipei, April 1

1. LetA={a,a,...,an} be a set oh > 3 distinctintegers, and ledandM be the
minimum and maximum element &f respectively. Suppose that there exists a
polynomialp(x) with integer coefficients such that

m<p(a) <M forallac A and
p(m) < p(a) forallac A\ {m M}.

Prove thah < 5 and that there exist two integdrandc such that each element
of Ais a solution of the equatiop(x) + X2 + bx+c = 0.

2. Letaj,ay,...,a15 be positive integers for which the numt@ﬁl — ay is not
divisible by 17 for anyk = 1,...,15. Show that there are integdrsby,...,bis
such that

(i) bm— by is not divisible by 17 for K m< n < 15, and
(i) eachb; is a product of one or more terms @f).

3. LetAq, Ay, ..., A, be distinct subsets dfL,2,...,n}. Prove that there is an ele-
mentx of Ssuch that the subsefg \ {x},...,A,\ {x} are also distinct.

Part 2 — Taipei, April 25

4. Letl be the circumcircle of a fixed triangeBC, and letM andN be the mid-
points of the arc8C andCA, respectively. For any poin{ on the arcAB, let
0O; and O, be the incenters ofAXAC and AXBC, and let the circumcircle of
AX0O10; intersectl” at X and Q. Prove that triangleQNO; and QMO, are
similar, and find all possible locations of poi@t

5. Letx andy be distinct real numbers, and Igtn) be defined by
f(n) =x"1 X"y x" 32 4.4y pneN.

Prove that iff (m), f(m+1), f(m+ 2), f(m+ 3) are integers for somm € N,
thenf(n) is an integer for each.

6. Suppose that— 1 itemsA1, Ay, ...,A,_1 have already been arranged in the in-
creasing order, and that another itégis to be inserted to preserve the order.
What is the expected number of comparisons necessary o &&e
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