3-rd Turkish Mathematical Olympiad 1995/96

Second Round
First Day — December 8, 1995

1. Letmy,mp,...,mg be integers with Z my and 2n; < my, 1 for all i. Show that
for any integersay, ay, . .., a there are infinitely many integesswhich do not
satisfy any of the congruences

Xx=g (modm), i=12....k

2. Let ABC be an acute triangle and l&{, ko, k3 be the circles with diameters
BC,CA AB, respectively. LeK be the radical center of these circles. Segments
AK,BK,CK meetky, ky, ks again aD, E, F, respectively. If the areas of triangles
ABC,DBC,ECA FABareu,x,y,z respectively, prove that

=Xy 2

3. LetAbe areal number an@;,) be a sequence of real numbers such #hat 1

and a,
1<?+1§A forallne N.

(@) Show that there is a unique non-decreasing surjectivetiitn f : N — N
such that i< AK" /a, < Aforallne N.

(b) If k takes every value at most times, show that there is a real number
C > 1 such thata, > C" forallne N.

Second Day — December 9, 1995

4. In a triangleABCwith AB # AC, the internal and external bisectors of the angle
A meetthe lineBC atD andE respectively. If the feet of the perpendiculars from
a pointF on the circle with diametddE to BC,CA ABareK, L, M, respectively,
show thatKL = KM.

5. Lett(A) denote the sum of elements of a nonemptyfsef integers, and define
t(0) = 0. Find a seK of positive integers such that for every integgehere is a
unique ordered pair of disjoint subséf, By) of X such that(Ay) —t(Bx) = k.

6. Find all surjective function$ : N — N such that for alm n € N,

f(my| f(n) ifandonlyif m|n.
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