
14-th Turkish Mathematical Olympiad 2006/07

Second Round

First Day – December 16, 2006

1. PointsP andQ on sideAB of a convex quadrilateralABCDare given such that
AP = BQ. The circumcircles of trianglesAPD andBQD meet again atK and
those ofAPCandBQCmeet again atL. Show that the pointsD,C,K,L lie on a
circle.

2. There are 2006 students and 14 teachers in a school. Each student knows at
least one teacher (knowing is a symmetric relation). Suppose that, for each pair
of a student and a teacher who know each other, the ratio of thenumber of the
students whom the teacher knows to that of the teachers whom the student knows
is at leastt. Find the maximum possible value oft.

3. Find all positive integersn for which all coefficients of polynomialP(x) are
divisible by 7, where

P(x) = (x2 +x+1)n− (x2 +1)n− (x+1)n− (x2 +x)n +x2n+xn +1.

Second Day – December 17, 2006

4. Positive real numbersx1, ...,xn have both the sum and the sum of their squares
equal tot. Prove that

∑
i 6= j

xi

x j
≥

(n−1)2t
t −1

.

5. The incircle of a triangleABC touches the sidesBC,CA,AB respectively at
NA,NB,NC, andHA,HB,HC are the respective feet of the altitudes fromA,B,C.
The incenters of trianglesAHBHC, BHCHA andCHAHB areIA, IB, IC, respectively.
Prove that the hexagonIANBICNAIBNC is regular.

6. Find all triangles whose area, side lengths and angle measures (in degrees) are
all rational numbers.
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