13-th Turkish Mathematical Olympiad 2005/06

Second Round
First Day — December 10, 2005

1. For all positive real numbegsb, c,d prove the inequality

Vat+ct 4 Vat+d4+ Vbt + A+ Vbt + d* > 2v/2(ad + be).

2. InatriangleABCwith AB < AC < BC, the perpendicular bisectorsAC andBC
intersectBC andAC atK andL, respectively. LeD, 01, andO, be the circum-
centers of triangleABC,CKL, andOAB, respectively. Prove th&@CO,0; is a
parallelogram.

3. Some of then+ 1 cities in a country (including the capital city) are conteetc
by one-way or two-way airlines. No two cities are connectgthtith a one-way
airline and a two-way airline, but there may be more than ereway airline
between two cities. Ifly denotes the number of airlines from a city then
da < nfor any cityA other than the capital city aritl + dg < nfor any two cities
A andB other than the capital city which are not connected by a twg-airline.
Every airline has a return, possibly consisting of sevesahected flights. Find
the largest possible number of two-way airlines and all cunfitions of airlines
for which this largest number is attained.

Second Day — December 11, 2005

4. Find all triples of nonnegative integeirs, n, k) satisfying 3"+ 7" = k°.
5. If a,b,c are the sides anethe inradius of a triangle, prove that

1+1+1 1
P « R o

6. Suppose that a sequerieg);,_, of integers has the following property: For all
large enough (i.en > N for someN), a, equals the number of indicesl <i < n,
such thag; +i > n. Find the maximum possible number of integers which occur
infinitely many times in the sequence.
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