
Romanian IMO Team Selection Tests 1997

First Test

Time: 4.5 hours

1. In the plane are given a line∆ and three circles tangent to∆ and externally tangent
to each other. Show that the triangle whose vertices are the centers of the circles
has an obtuse angle, and find the maximum value of that angle.

2. Find all setsA of 9 positive integers such that for any positive integern ≤ 500
there is a subset ofA whose elements sum up ton.

3. LetM be a set ofn points in the plane,n ≥ 4, no three of which are collinear and
not all lying on a circle. Suppose thatf : M → R is a function such that for any
circleC passing through at least three points ofM,

∑
P∈M∩C

f (P) = 0.

Show thatf ≡ 0.

4. LetD be a point on the sideBC of a triangleABC and letω be the circumcircle
of △ABC. Let γ1 be the circle tangent toAD,BD and internally toω , andγ2 be
the circle tangent toAC,CD and internally toω . Show thatγ1 andγ2 are tangent
if and only if AD bisects the angleBAC.

Second Test

Time: 4.5 hours

1. Let be given a pyramidVA1 . . .An, n ≥ 4. A plane Π intersects the edges
VA1, . . . ,VAn at points B1, . . . ,Bn, respectively. Suppose that the polygons
A1A2 . . .An and B1B2 . . .Bn are similar. Prove thatΠ is parallel to the plane
A1A2 . . .An.

2. LetA be the set of integers that can be written asa2+2b2 for some integersa,b,
whereb 6= 0. Show that ifp is a prime andp2 ∈ A thenp ∈ A.

3. Let p ≥ 5 be a prime andk be an integer with 0≤ k < p. Find the maximum
length of an arithmetic progression, none of whose terms contain a digitk in base
p.

4. Let p,q,r be distinct prime numbers. Consider the set

A = {paqbrc | 0≤ a,b,c ≤ 5}.

Find the smallestn ∈ N such that anyn-element subset ofA contains two distinct
elementsx,y such thatx dividesy.
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Third Test

Time: 4.5 hours

1. LetABCDEF be a convex hexagon. LetP,Q,R be the intersection points ofAB
andEF, EF andCD, CD andAB, respectively, and letS,T,U be the intersection

points ofBC andDE, DE andFA, FA andBC, respectively. Show that if
AB
PR

=

CD
RQ

=
EF
QP

, then
BC
US

=
DE
ST

=
FA
TU

.

2. Let P and D denote the set of all points and the set of all lines in the plane,
respectively. Does there exist a bijective functionf : P → D such that, when-
everA,B,C are collinear points, linesf (A), f (B), f (C) are either concurrent or
parallel?

3. Find all functionsf : R → [0,∞) such that

f (x2 + y2) = f (x2− y2)+ f (2xy) for all x,y ∈ R.

4. Letn ≥ 2 be an integer andP(x) = xn +an−1xn−1+ · · ·+a1x+1 be a polynomial
with integer coefficients. Suppose thatak = an−k for k = 1, . . . ,n−1. Prove that
there exist infinitely many pairs of positive numbers(x,y) satisfyingx | P(y) and
y | P(x).

Fourth Test

Time: 4.5 hours

1. Let P(x) andQ(x) be monic irreducible polynomials with rational coefficients.
Suppose that there are rootsα of P andβ of Q such thatα +β is rational. Prove
thatP(x)2−Q(x)2 has a rational root.

2. Let a > 1 be an integer. Prove that the set{an+1 + an −1 | n ∈ N} contains an
infinite subset of pairwise coprime numbers.

3. Determine the number of ways to color the vertices of a regular 12-gon in two
colors so that no set of vertices of the same color form a regular polygon.

4. LetΓ be a circle andAB a line not meetingΓ. For any pointP on Γ, let the line
AP meetsΓ again atP′ and let the lineBP′ meetΓ again atf (P). Given a point
P0 ∈ Γ, we define the sequencePi by Pn+1 = f (Pn) for n ∈ N0. Show that ifk > 0
is an integer such thatPk = P0 holds for a single choice ofP0, thenPk = P0 holds
for every choice ofP0.
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