
Romanian Team Selection Tests 2008

First Test

1. Given an integern ≥ 2, find all setsA ⊆ Z with n elements such that the sum of
the elements of any nonemtpy subset ofA is not divisible byn +1.

2. Let ai, bi be positive real numbers,i ∈ {1,2, . . . ,n}, n ≥ 2 such thatai < bi for
all i. Assume that for alli:

b1+ · · ·+ bn < 1+ a1+ · · ·+ an.

Prove that there existsc ∈ R such that for alli ∈ {1,2, . . . ,n} and allk ∈ Z the
following inequality holds:

(ai + c + k)(bi + c + k) > 0.

3. Let ABCDEF be a convex hexagon with all the sides of length 1. Prove that at
least one of the radii of the circumcircles of△ACE and△BDF is greater than
or equal to 1.

4. Prove that there exists a setS of n−2 points inside a convexn-gonP, such that
inside any triangle determined by three vertices ofP there is exactly one point
from S (inside or on the edges).

5. Find the greatest common divisor of the numbers:

2561−2,3561−3, · · · ,561561−561.

Second Test

1. Assume thatn ≥ 3 is an odd integer. Determine the maximal value of
√

|x1− x2|+
√

|x2− x3|+ · · ·+
√

|xn−1− xn|+
√

|xn − x1|,

wherexi are positive real numbers from[0,1].

2. Do there exist a sequence of positive integers 1≤ a1 < a2 < a3 < · · · such that for
eachn ∈ N the set{ak +n : k = 1,2, . . .} contains finitely many prime numbers?

3. Show that each convex pentagon has a vertexV for which the length of the alti-
tude to the opposite edgev is strictly less than the sum of the altitudes tov from
the two vertices adjacent toV .

4. Let G be a connected graph withn vertices andm edges such that each edge is
contained in at least one triangle. Find the minimum value ofm.

1

The IMO Compendium Group,
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Third Test

1. Let ABC be a triangle with∠BAC < ∠CAB. Denote byD andE points on the
sidesAC andAB such that∠ACB = ∠BED. Let F be a point in the interior of
the quadrilateralBCDE such that the circumcircle of△BCF is tangent to the
circumcircle of△DEF and the circumcircle of△BEF is tangent to the circum-
circle of△CDF . Prove that the pointsA, C, E, F lie on a circle.

2. Let ABC be an acute triangle with orthocenterH and letX be an arbitrary point
in its plane. THe circle with diameterHX intersects the linesAH andAX at A1

andA2 respectively. The pointsB1, B2, C1, C2 are defined analogously. Prove
that the linesA1A2, B1B2, andC1C2 are concurrent.

3. Given positive integersm,n ≥ 3, prove that 2m −1 ∤ 3n −1.

4. Let n ∈ N. A set of people is calledn-balanced if in any subset of 3 persons
there exist at least two who know each other, and in any subsets of n persons
there are two who don’t know each other. Prove thatn-balanced set can have at
most(n−1)(n +2)/2 persons.

Fourth Test

1. Let ABCD be a convex quadrilateral. LetO be the intersection of the diagonals
AC andBD, P the intersection of the linesAB andCD, andQ the intersection of
the linesBC andDA. Denote byR the feet of perpendicular fromO to the line
PQ. Prove that the feet of perpendiculars fromO to the lines determined by the
sides ofABCD belong to a circle.

2. Let m,n ≥ 1 be two relatively prime integers. For each integers determine the
number ofm-element setsA ⊆ {1,2, . . . ,m+ n−1} such that

∑
x∈A

x ≡ s (modn).

3. Let n ≥ 3 be an integer and letm ≥ 2n−1 + 1. Prove that for each family of
nonzero distinct subsets(A j)

m
j=1 of {1,2, . . . ,n} there exist indecesi, j, k such

thatAi ∪A j = Ak?

Fifth Test

1. Find alln ∈ N for which there exists a permutationσ of the set{1,2, . . . ,n} such
that the sets

{|σ(k)− k| : k ∈ {1,2, . . . ,n}}

has exactlyn elements.
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2. Denote byka, kb, kc the circles whose diameters are the mediansma, mb, mc of
△ABC, respectively. If two of these circles are tangent to the incircle of△ABC,
prove that the third circle is tangent as well.

3. Let P be a square. For eachn ∈ N denote byf (n) the maximal number of
elements of a partition ofP into rectangles such that each line which is parallel
to some side ofP intersects at mostn interiors of rectangles. Prove that

3 ·2n−1−2≤ f (n) ≤ 3n −2.
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