29-th Polish Mathematical Olympiad 1977/78

Third Round
First Day

1. Aray of light reflects from the rays of a given angle. A ragttbnters the vertex
of the angle is absorbed. Prove that there is a natural nundierh that any ray
can reflect at most times.

2. In a coordinate plane, consider the set of points withgieteooedinates at least
one of which is not divisible by 4. Prove that these pointsceaite partitioned
into pairs such that the distance between points in eactepals 1.

In other words, an infinite chessboard, whose cells with lbotrdinates divisi-
ble by 4 are cut out, cannot be tiled by dominoes.

3. Prove that ifmis a natural number and Q, R polynomials of degrees less than
m satisfying
XTP(%,Y) +Y"Q(XY) = (x+Y)*"R(XY),

then each of the polynomials is zero.
Second Day
4. LetX be a set oh elements. Prove that the sum of the numbers of elements of
setsAN B, whereA andB run over all subsets of, is equal tan4" 1.
5. For a given real numbex, define the sequencen) by a; = aand
1 1
= —— ) if 0,
ani1=4 2 (an an> o #
0 if a, = 0.
Prove that the sequenca,) contains infinitely many nonpositive terms.

6. Prove that ihy, hy, hs, hs are the altitudes of a tetrahedron ahdd,, d3 the dis-
tances between the pairs of opposite edges of the tetramatem
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