56-th Polish Mathematical Olympiad 2004/05

Third Round
April 13-14, 2005

First Day

1. Find all triples(x, y, n) of positive integers satisfying the equation
(x—=y)" =xy.

2. A convex quadrilateradBCD is inscribed in a circl®. PointSinside the circle
is such that/SAD = /SCB and Z/SDA = Z/SBC. The bisector of angl&SB
intersects the circle at pointsP andQ. Prove thaPS= QS.

3. In a 7 x 2n board (1 € N) are written 4 real numbers with the sum 0 (one
number in each cell). The absolute value of any of the numibees not exceed
1. Prove that the absolute value of all numbers in a columnromadoes not
exceedh.

Second Day
4. A real numberc > —2 is given. Prove that if positive numbexs, Xz, ..., X,

satisfy
\/x%+cx1xz+x§+ \/x§+cx2xe,+x§+---+\/x%+cxnx1+x§

=VC+2(Xe+ X+ +Xn),

thenc=2orx; =%y =--- = Xp.

5. Letk > 1 be an integer, and leh = 4k’ — 5. Show that there exist positive
integersa andb such that the sequen¢s,) defined by

Xo=a X1=b, Xu2=Xu1+Xn for n=0,1,2,...
has all of its terms relatively prime to

6. Show that every convex hexagon of area 1 contains a comxagbn of area not
smaller than 34.
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