18-th Korean Mathematical Olympiad 2005

Final Round
First Day — April 9, 2005
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Find all positive integera that can be uniquely expressed as a sum of at most
five nonzero perfect squares. (The order of the summandgisvant.)

2. Let(an);_; be a sequence of positive real numbers andridbe the arithmetic
mean ofay, ..., a,. Prove that for all positive integel$,
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3. In a trapezoidABCD with AD || BC, O1,0,,03,0, denote the circles with di-
ameterAB, BC,CD, DA, respectively. Show that there exists a circle with center
inside the trapezoid which is tangent to all the four cir@gs..., Oy if and only
if ABCDis a parallelogram.
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Second Day — April 10, 2005

4. LetO be the circumcircle of a triangl&BCwith /A =90° and/B > /C. The
line |4 tangent taO at A meetsBC at S, the linelg tangent taO at B meetsAC at
D, and the lineSandAB meet atE. The lineCE intersectdp atT. Let P be
the foot of the perpendicular froia to |5, let CP intersectO again atQ, and let
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QT interseciO again afR. If BRandl, meet aU, prove thaLl_U TP TR

5. Find all positive integers1andn such that both™8+1 and 3 + 1 are divisible
by mn

6. A setP consists of 2005 distinct prime numbers. ebe the set of all possible
products of 1002 elements Bf andB be the set of all products of 1003 elements
of P. Find a one-to-one correspondarfcéom A to B with the property thaa
dividesf(a) forallac A.
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