
17-th Korean Mathematical Olympiad 2004

Final Round

First Day – April 10, 2004

1. The incircle of an isosceles triangleABC with AB = AC is centered atO and
touchesBC,CA,AB at K,L,M, respectively. LinesKM andOL meet atN, and
line BN meetsCA at Q. Let P be the projection ofA onto BQ. Suppose that
BP= AP+2PQ. Find all possible values ofAB/BC.

2. Show that the equation 3y2 = x4 +x has no solutions in positive integers.

3. Some 2004 computers are to be connected by cables into a network. A setSof
several computers is calledindependentif no two computers inSare connected
by a cable. It is required that no independent set consists ofmore than 50 com-
puters. Suppose that such a network is built using the least possible number of
cables.

(a) Letc(L) denote the number of cables at a computerL. Show that for any
two computersA andB we have|c(A)− c(B)| ≤ 1, andc(A) = c(B) if A
andB are connected by a cable.

(b) Find the number of cables used.

Second Day – April 11, 2004

4. We are givenn distinct points on a circumference. How many ways are there to
choosek of thesen points such that between any two of them there are at least
three of the remainingn−k points (counting clockwise)?

5. Let R be the circumradius andr the inradius of an acute triangleABC with the
largest angle atA. Let M be the midpoint ofBC and letX be the intersection
point of the tangent lines to the circumcircle atB andC. Prove that

r
R
≥

AM
AX

.

6. For a prime numberp, considerfp(x) = xp−1+ · · ·+x+1.

(a) If m is a multiple ofp, show that there is a prime divisor offp(m) that is
coprime tom(m−1).

(b) Prove that there are infinitely many prime numbers of the form pn+ 1,
n∈ N.
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