19-th Japanese Mathematical Olympiad 2009

Final Round

1. Find all positive integers such that 2+ n|8"+ n.

2. LetN be a positive integer. A sequence of integers from thd 5e&, ..., N} is
chosen in such a way that each elemenfth®, ... N} appears in the sequence,
and the sum of all elements is even. Prove that it is posgbpaint each of the
chosen numbers in red or green (each number with one coltpsthe sum of
the red numbers is equal to the sum of the green numbers.

3. Letk > 2 be an integer. Lety, n, n3 be positive integers ang, ap, ag some
integers from the sefl,2,....k—1}. If bj = & -z'j“:okl, (i=1,223), find all
possible triples of integer®, nz, n3) such thab;b, = bs.

4. Letl be the circumcircle oNABC. A circle with centelO touches the segment
BC atP and the ar®C of I' not containingA atQ. If Z/BAO = ZCAQ, prove that
ZPAO = ZQAO.

5. Find all functionsf : R; U{0} — R, U{0} such that
f(x) + f(y) = F(x%+y+xf(4y))

for all non-negative real numbexsandy.
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