22-nd Italian Mathematical Olympiad 2006

Cesenatico, May 5, 2006

1. Rosa and Savino are playing the following game with Naawolplaying cards
(40 cards numbered 1 through 10 with four different signsiidlly each player
gets 20 cards. The players alternate putting cards (one @ez)onto the table.
A player after whose move there are several cards on thewddulse values sum
up to 15, removes these cards. It turned out at the end of tine ¢faat Savino
kept two cards with values 5 and 3, Rosa kept one card, andlandtir value 9
remained on the table. What is the value of the Rosa’s card?

2. Find all triples(m,n, p) such thatp" + 144= n?, wherem andn are positive
integers ang a prime number.

3. LetA andB be distinct points on a circlE that are not diametrically opposite.
PointP is different fromA andB and varies ori’. Find the locus of the ortho-

center of triangleABP.

4. The squares of the infinite chessboard 1716 16 14 13
are numbered,P, ... along a spiral, as 18 5 4 3 1b:
shown in the picture. Aight ray is a 196 1 410
sequence of squares obtained by start- 20 71 8 910
ing at one square and going to the right. 2129 2B 24 J5

(a) Show that there is a right ray not containing a multipl8 of

(b) Prove that there are infinitely many pairwise disjoiigtti rays which do
not contain multiples of 3.

5. Consider the inequality
(X34 X2+ - - 4 Xn)? > A(XaXa + XoXz + - - - + XnX1 ).

(a) For whichn> 3 is this inequality true for all positivie ?
(b) For whichn > 3 is it true for all real numberg?

6. Alberto and Barbara are playing the following game. &fliyj there are several
piles of stones on the table. With Alberto playing first, ayglain turn performs
one of the following two moves:

(a) take a stone from an arbitrary pile;
(b) select a pile and divide it into two nonempty piles.

The player who takes the last stone wins the game. Deterntirghwlayer has
a winning strategy in dependence of the initial state.
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