20-th Italian Mathematical Olympiad 2004

Cesenatico, May 7, 2004

1. Observing the temperatures recorded in Cesenaticoglthien December and
January, Stefano noticed an interesting coincidence: ¢h day of this period,
the low temperature is equal to the sum of the low tempersatine preceeding
day and the succeeding day.

Given that the low temperatures in December 3 and Januaryesé ®C and
2°C respectively, find the low temperature in December 25.

2. Two parallel lines,s and two pointsP € r andq € s are given in the plane.
Consider all pairs of circle€p,Cq) in the plane such th&@p touches atP and
Cq touchess at Q, and which touch each other externally at some pdinfind
the locus of pointg'.

3. (a) Is 2008%%4the sum of two perfect squares?

(b) Is 2004°%5the sum of two perfect squares?

4. Antonio and Bernardo play the following game. They aresgitwo piles of
chips, one withm and the other witim chips. Antonio starts, and thereafter they
make in turn one of the following moves:

(i) take a chip from one pile;

(ii) take a chip from each of the piles;

(iiy remove a chip from one of the piles and put it onto the athe
Who cannot make any more moves, loses. Decide, as a fun¢toamdn if one
of the players has a winning strategy, and in the case of firenative answer
describe that strategy.

5. Decide if the following statement is true or false:

For every sequenden)nen Of NoONnegative real numbers, there exist sequences
(@n)nen and(bn)nen Of Nnonnegative real numbers such that
(a) xn = an+ by forallm;
(b) ag+ -+ an < nforinfinitely many values of;
(c) by +---+ by < nfor infinitely many values oh.
6. LetP be a pointinside a triangldBC. LinesAP, BP,CP meet the opposite sides

of the triangle at point&/,B’,C’, respectively. Denote= AP/PA/, y = BP/PB’
andz=CP/PC'. Prove thakyz = x+y+ z+ 2.
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