Grosman Mathematical Olympiad 1995

1. Positive integerd;, dy, ..., d, are divisors of 1995. Prove that there exisand
dj among them, such the denominator of the reduced fradfid) is at leash.

2. Two players play a game on an infinite board that consigsisibquares. Player
| chooses a square and marks it wh Then player Il chooses another square
and marks it withX. They play until one of the players marks a whole row or a
whole column of five consecutive squares, and this playes Wia game. If no
player can achieve this, the result of the game is a tie. Shawayer Il can
prevent player | from winning.

3. Two thieves stole an open chain witk @hite beads andr black beads. They
want to share the loot equally, by cutting the chain to piécesich a way that
each one getk white beads anth black beads. What is the minimal number of
cuts that is always sufficient?

4. Two given circlesx andf intersect each other at two points. Find the locus of
the centers of all circles that are orthogonal to bmthand 3.

5. For non-coplanar points are given in space. A plane calledequalizing if all
four points have the same distance franFind the number of equilizing planes.

6. (a) Prove thatthere is a unique functibnQ — Q satisfying:
() f(Q) =1+f (k—‘gq) foro<q<3;
(i) f(qg=1+f(q—1)forl<q<2;
(i) f(q)f (%) —1forallge Q.
(b) For this functionf, find allr € Q" such thatf (r) =r.

7. For a given positive integer, let A, be the set of all points,y) in the coordinate
plane withx,y € {0,1,...,n}. A point(i, ) is calledinternal if 0 <i,j <n. A
real functionf, defined oA, is calledgood if it has the following property: For
every internal poink, the value off (x) is the arithmetic mean of its values on
the four neighboring points (i.e. the points at the distahé®m x). Prove that
if f andg are good functions that coincide at the non-internal pahi,, then

f=g.
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