14-th Irish Mathematical Olympiad 2001
May 12, 2001
Time: 3 hours each part.

Part 1

1. Find all posiitve integer solutior{g, b, c,n) of the equation

2"=al +b! +cl.

2. LetABC be a triangle with sideBC = a, CA=b, AB = c and letD andE be the
midpoints of AC and AB, respectively. Prove that the mediaBB andCE are
perpendicular to each other if and onlybf+ ¢? = 5a2.

3. Show that if an odd prime numbercan be expressed in the forxa— y° for
some integerg, y, then

dp+1  V+1

5

for some odd integer.

4. Prove that for all positive integens

2n 1 3n+1
3n+1— :; k 4n+1)

5. Prove that for all real numbeasb with ab > 0 we have

s/a?b?(a+b)? - a?+ 10ab + b?
4 - 12

and find the cases of equality. Hence, or otherwise, provédhall real numbers
a,b

s/a2b?(a+b)? _ a’+ab+b?
4 - 3
and find the cases of equality.

Part 2

6. Find the least positive integaisuch that 2001 divides 85-a- 32" for some odd
n.
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7. Three hoops are arranged concentrically as in the diadgfach hoop is threaded
with 20 beads, 10 of which are black and 10 are white. On each
hoop the positions of the beads are la-
belled 1 through 20 as shown. We say
there is a match at positiarif all three
beads at positionhave the same color.
We are free to slide beads around a
hoop, not breaking the hoop. Show
that it is always possible to move them
into a configuration involving no less
than 5 matches.
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8. Inan acute-angled trianghdBC, D is the foot of the altitude from, andP a point
on segmenAD. The linesBP andCP meetAC andAB at E andF respectively.
Prove thatAD bisects the anglEDF.

9. Find all nonnegative real numbetfor which

\3/13+ VX+ \3/13— VX

is an integer.

10. Determine all function$ : N — N which satisfy

f(x+f(y)=f(x)+y forallx,yeN.
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