23-rd Hellenic Mathematical Olympiad 2006
February 25, 2006

Juniors
1. LetP be an interior point of an equilateral triang8C. Show that there is a
triangle with sides congruent A, PB, PC.
2. Find all pairs of positive intege(g,y) such that 2 —y = 2005

3. Prove that among any 27 distinct positive integers leas D0 there exist two
that are not coprime.

4. If real numbers andy satisfy the conditiox? 4 xy + y? = 1, find the minimum
and maximum value df = x3y + xy°.
Seniors
1. Determine the number of five-digit natural numbers whadgésdform a non-
decreasing sequence.
2. Prove that ifvis a positive integer, then the equation

11
X+y+-+-=3n
Xy

has no solution in rational numbexsy.

3. LetL,M,N be points on the sideBC,CA, AB respectively such thaiL bisects
the angleA andAL,BN andCM meet at a point. Prove that fALB = Z/ANM
thenZMNL = 90°.

4. Does there exist a functidn: R — R satisfying the conditions

() f(x+y+2) <3(xy+yz+ z) for all realx,y,z and

(i) there is a functiorg: R — R and a natural number such thag(g(x)) =
x*"1andf(g(x)) = g(x)? for every reak?
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