
Bulgarian Mathematical Olympiad 1963, IV Round

1. Find all three-digit numbers which remainders after division by 11 give quotient,
equal to the sum of it’s digits squares. (4 points)

2. It is given the equationx2 + px +1= 0, with rootsx1 andx2;

(a) find a second-degree equation with rootsy1, y2 satisfying the conditions:
y1 = x1(1− x1), y2 = x2(1− x2);

(b) find all possible values of the real parameterp such that the roots of the
new equation lies between -2 and 1.

(5 points)

3. In the trapeziumABCD with on the non-base segmentAB is chosen a random
point M. Through the pointsM, A, D andM, B, C are drawn circlesk1 andk2

with centersO1 andO2. Prove that:

(a) the second intersection pointN of k1 and k2 lies on the other non-base
segmentCD or on its continuation;

(b) the length of the lineO1O2 doesn’t depend of the situation onM overAB;

(c) the trianglesO1MO2 andDMC are similar. Find such a position ofM over
AB that makesk1 andk2 with the same radii.

(6 points)

4. In the tetrahedronABCD three of the sides are right-angled triangles and the
second in not an obtuse triangle. Prove that:

(a) the fourth wall of the tetrahedron is right-angled triangle if and only if
exactly two of the plane angles having common vertex with thesome of
vertices of the tetrahedron are equal.

(b) when all four walls of the tetrahedron are right-angled triangles its volume
is equal to1

6 multiplied by the multiple of three shortest edges not lyingon
the same wall.

(5 points)

REMARK FOR (B) - more correct statement should be:cdots its volume is equal
to 1

6 multiplied by the multiple of two shortest edges and an edge not lying on the
same wall.
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