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Third Round

First Day

1. Let ABCD be a convex quadrilateral. Prove that the incircles of trianglesABC,
BCD, CDA andDAB have a common point if and only ifABCD is a rhombus.

2. Determine all positive integersn for which it is possible to divide a triangle inn
non-degenerate triangles in such a way that each of the vertices of the triangles
is an endpoint of the same number of sides of the triangles.

3. Letx1,x2, . . . ,x2004 be a sequence of integers satisfying

xk+3 = xk+2 + xk+1xk for eachk = 1,2, . . . ,2001.

Can more than a half of the terms of this sequence be negative?

Second Day

4. Consider all 10× 10 tables with entries 0,1, . . . ,9 which contain each of the
numbers 0, . . . ,9 exactly 10 times. Find the greatestn such that, in every such
table, there is a row or column containing at leastn distinct entries.

5. Consider the sequence(an) given bya0 = a1 = a2 = a3 = 1 and

anan−4 = an−1an−3 + a2
n−2.

Prove that all its terms are integers.

6. Leta,b be real numbers. A functionfa,b : R
2 → R

2 is defined by

fa,b(x,y) = (a−by− x2
, x).

For eachP ∈ R
2, define f 0

a,b(P) = P and f k+1
a,b (P) = fa,b( f k

a,b(P)), wherek is a
nonnegative integer. The setper(a,b) of periodic points of fa,b is defined as the
set of all pointsP ∈ R

2 for which there existsn ∈ N such thatf n
a,b(P) = P.

For a fixed realb, show that the setAb = {a ∈ R | per(a,b) 6= /0} has the smallest
element. Determine this smallest element.
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