26-th Brazilian Mathematical Olympiad 2004

Third Round
First Day
1. Let ABCD be a convex quadrilateral. Prove that the incircles of giesABC,
BCD, CDA andDAB have a common point if and only 8BCD is a rhombus.

2. Determine all positive integersfor which it is possible to divide a triangle im
non-degenerate triangles in such a way that each of thegsntif the triangles
is an endpoint of the same number of sides of the triangles.

3. Letxq,Xo,..., X004 b€ a sequence of integers satisfying
X3 = Xki2+Xep1Xx  foreachk=1,2 ...,2001

Can more than a half of the terms of this sequence be negative?
Second Day

4. Consider all 106« 10 tables with entries.Q,...,9 which contain each of the
numbers 0...,9 exactly 10 times. Find the greatessuch that, in every such
table, there is a row or column containing at leadistinct entries.

5. Consider the sequen¢a,) given byag =a; =ap =az =1 and
@n@n_4 = 8n_18n_3+82_,.
Prove that all its terms are integers.

6. Leta,b be real numbers. A functiofy R? — R?is defined by
fan(x,y) = (@—by =X X).

For eachP € R?, definefQ, (P) = P and ff{(P) = fap(fX,(P)), wherekis a
nonnegative integer. The spér(a,b) of periodic points of f, is defined as the
set of all pointsP € R? for which there exists € N such thatf7,(P) = P.

For a fixed reab, show that the se, = {a € R | per(a,b) # 0} has the smallest
element. Determine this smallest element.
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