22-nd Austrian Mathematical Olympiad 1991
Final Round
Beginner Level — May 7
1. Suppose that, b, and¥a+ /b are rational numbers. Prove th@a and+v/b are

also rational.

2. Solve in real numbers the equation
1 1 1 1 1 1 1 1

_ _ _ — =0.
x+x+2 X+4 x+6 x+8 x+10+x+12+x+14

3. Find the number of squares in the sequence gively by91 anda,,, ; = 10a,+
(—1)"forn>0.

4. LetABDbe a chord of a circl& of radiusr, with AB= c.

(a) Construct triangl&BC with C onk in which a median fronA or B is of a
given lengthd.

(b) For whichc andd is this triangle unique?

Advanced L evel

First Day — June 11

1. Consider a convex solidZ” in space and two parallel planes and &, on the
distance 1 tangent ter”. A planee betweere; ande; is on the distancd; from
&1. Find alld; such that the part of#” betweeng; ande always has a volume
not exceeding half the volume of’.

2. Find all functionsf : Z\ {0} — Q satisfying

f <x43—y) = f(x)er ') Whenevelx,y,%/ € Z\ {0}.

3. (a) Provethat 91 divides’ — nfor all integersn.
(b) Find the largesk that dividesn3” — n for all integersn.

Second Day — June 12

I

. The sequenc@,) is given bya; = 1,a, = 0 and
Qi1 =+ a1, axi2=2a;1 forkeN.

Find am for m= 2194+ 91.
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5. For all positive integers prove the inequality
1T+ (n+ D)™\t /1 pam\"
- > .
n+2 n+1

6. Find the number of ten-digit natural numbers (which dostait with zero) con-
taining no block 1991.
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