Moldovan Team Selection Tests 2006

First Test

1. Determine all even numbensz N such that

1 n 1 T 1 1620
d d d¢ 1003

where{ds,...,dg} is the set of divisors af.

2. Consider a right-angled trianghBC with the hypothenus@B of size 1. The
bisector/ACB intersects the mediaBE and AF at P andM, respectively. If
AF NBE = P, determine the maximal value f&;np.

3. Leta, b, c be the sides of a triangle. Prove that

¥(2—1)+¥(§—1)+§(g—1)20

4. Assume thatn circles pass through points andB. We start by labeling the
pointsA andB by 1. In the second step we label every midpoint of an open arc
AB with 2. Every subsequent step is performed as follows: Fgrtan points
that are already labeled layandb, and are consecutive on some of the arcs we
label the midpoint of that arc bst+ b. We repeat the proceduretimes and
denote by (n,m) the number of appearances of the numher

(a) Determing (n,m).
(b) Forn= 2006, find the smallesh for whichr(n,m) is a perfect square.

xample of steps for the half-arc:

E
1
1
1 1

1 2-5-3-4-1,;

-1
—2-1
—3-2-3-
—4-3-5-

Second Test

1. Let(an) be the Lucas sequence definedas=2,a; = 1,an;1 = an+ a,_1 for
n> 1. Show thatisg divides(agg)>® — 1.

2. LetC; be a circle in the interior of the circlé,. Let P be a point in the interior
of C; andQ a point in the exterior o€,. Variable lined; are drawn througlP
in such a way to not contai@. Assume thal; intersecC; in A; andB;. Assume
that the circumcircle oQA;B; interseciC, in M; andN;. Prove that all the lines
M;N; are concurrent.
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3. Leta, b, c be sides of a triangle arlits semiperimeter. Prove that

a\/(p—bt))ip—c)+b\/(p—Ci;p—a)+c\/(p—a;ép—b) -

4. LetA={1,2,...,n}. Find the number of unordered tripléX,Y,Z) such that
XuYUzZ=A

Third Test

1. Given a poinP in the interior of AABC, assume that the raysP, BP, andCP
intersect the circumcircle oA ABC at A1, B1, andC;. Prove that the maximal
value for the sum of the are#gBC, B;AC, andC;AB is p(R—r), wherep, r,
andR are the semi-perimeter, inradius, and circumradiud A8BC, respectively.

2. Letn > 2 be an integers and a set withn+ 1 elements. The ordered sequences
(a1,ay,...,an) and(bg,...,by) of distinct elements oX are said to beeparated
if there exist indeces## j such that; = bj. Determine the maximal number of
ordered sequences vklements oK such that any two of them are separated.

3. Positive real numbes b, ¢ satisfy the relatiombc = 1. Prove that

(@+3) (b+3) (c+3) >3
(a+1)2 (b+1)2  (c+1)2~

4. Denote byf(n) the number of permutation(sy,...,a,) of the set{1,2,...,n}
which satisfy the conditions =1, andjaj —a; 11| <2 foranyi=1,2,...,n—1.
Prove thatf (2006 is divisible by 3.
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