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First Day

1. Given a positive integern ≥ 2, consider a set ofn islandsX1, . . . , Xn arranged in
a circle. Two bridges are built between each pair of neighboring islands.

Starting from the islandX1, in how many ways one can cross the 2n bridges so
that no bridge is crossed more than once?

2. Let n be a positive integer. Denote byan the largest of the positive integersm
such that 22

m
≤ n2n. Find all numbers that don’t belong to the sequence(an)

∞
n=1.

3. LetC1 andC2 be two congruent circles with centersO1 andO2, which intersect
atA andB. Let P be a point of the arcAB of C2 which is contained in the interior
of C1. AP intersectsC1 at C, CB intersectsC2 at D, and the bisector of∠CAD
intersectsC1 andC2 at E andL, respectively. LetF be the symmetric point toD
with respect to the midpoint ofPE. Prove that there exists a pointX satisfying
∠XFL = ∠XDC = 30◦ andCX = O1O2.

Second Day

4. Given a triangleABC with incenterI, let P be the intersection point of the exter-
nal bisector of∠A and the circumcircle of△ABC. Let J be the second intersec-
tion point ofPI and the circumcircle of△ABC. Show that the circumcircles of
△JIB and△JIC are tangent toIC andIB, respectively.

5. Consider the sequence{an}
∞
n=1 defined as follows:a1 = 1, a2k = 1+ ak, and

a2k+1 = 1
a2k

for k ≥ 1. Prove that every positive rational number appears in the
sequence{an} exactly once.

6. 6000 points are marked on a circle, and they are colored using 10 colors in such
a way that within every group of 100 consecutive points all the colors are used.
Determine the least positive integerk with the following property: In every col-
oring satisfying the above condition, it is possible to find agroup of consecutive
points in which all the colors are used.

1

The IMO Compendium Group,
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