
Chinese IMO Team Selection Test 2007

Time: 4.5 hours each day.

First Day

1. PointsA andB lie on a circlek with centerO. LetC be a point outside the circle
and letCS andCT be the tangents to the circle. LetM be the midpoint of the
smaller arcAB of k. The linesMS andMT intersectAB atE andF respectively.
The lines passing throughE andF perpendicular toAB intersectOS andOT
at X andY respectively. A line passing throughC intersects the circlek at P, Q
(P∈CQ). LetR be the intersection ofMP with AB, and letZ be the circumcenter
of △PQR. Prove thatX , Y , andZ are collinear.

2. A natural numberx is calledgood if it satisfies: x = p/q > 1 with p,q ∈ N,
(p,q) = 1, and there exist constantsα, N such that for any integern ≥ N,

|{xn}−α| ≤ 1
2(p + q)

.

Find all good numbers.

3. There are 63 points on a circle with diameter 20. LetS be the number of triangles
whose vertices are three of the 63 points and side lengths are≥ 9. Find the
maximum ofS.

Second Day

4. Find all functionsf : Q+ → Q+ such that

f (x)+ f (y)+2xy f (xy) =
f (xy)

f (x + y)
.

5. Let x1, . . . , xn (n > 1) be real numbers satisfyingA = |∑n
i=1 xi| 6= 0 andB =

max1≤i< j≤n |x j − xi| 6= 0. Prove that for anyn vectors−→αi in the plane, there
exists a permutation(k1, . . . ,kn) of the numbers 1,2, . . . ,n such that
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6. Let n be a positive integer and letA ⊆ {1,2, . . . ,n}. Assume that for any two
numbersx,y ∈ A the least common multiple ofx and y is not greater thann.
Show that

|A| ≤ 1.9
√

n +5.
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