34-th Yugoslav Federal Mathematical Competition
1993

High School
Novi Sad, April 17, 1993

Time allowed 4 hours.
Each problemis worth 25 points.

1-st Grade

=

. Square of the size 10 is divided onto 100 unit squares.&bégining, 9 of these
squares are black. After each year all squares that havelag& heighbours
become black (two squares are neighbours if they share a).eldgt possible
to place the initial 9 black squares in such a way that aftelacenumber of
years all squares become black?

2. Prove that the following inequality holds for positivembersa andb:

(a—b)? a2+ b? (a—b)?
2 b) 2 ~Vab< 4yab

3. Convex pentagoABCDE satisfies/ ABC = Z/ADE andZ/AEC = ZADB. Prove
that /BAC = ZDAE.

4. Let ABC be an acute-angled triangle, aBdan arbitrary point of the edgeC
different fromB andC. The outside common tangent to the circumcircles of
AABD and AACD different fromBC intersects the segmeAD in the pointE.
Prove that the length &AE doesn’t depend on the choice Df

2-nd Grade

1. Given 1993 positive real numbers, product each 12 of tlenot less than 1.
Prove that the product of all these numbers is not less than 1.

2. LetA1Ay...Ajp be aregular 12-gon. The vertéy, is denoted by-1, and the
other vertices are denoted by number 1. At each move it isvatioto choose
an isosceles rectangular triangle whose vertices are ag#g, ..., A;» and
change all the numbers at the vertices of the triangle. Isssible to obtain the
configuration with all numbers equal tel after a finite number of moves?

3. Let A; andC; be the midpoints of the siddBC and CA, respectively, of the
triangleABC andT the centroid of the triangle. If the circle can be inscribwet i
the quadrilateral\;BC;, T, prove that the triangl&BC is isosceles.

4. LetM andN be the points of the side&C andBC of the regular triangl&ABC
such thaMN||AB. If D is the orthocenter of the triangéNC andE the midpoint
of AN, determine the angles of the trian@BE.
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3-rd and 4-th Grades

1. Afunctionf : R — R is given by:

0, ifx:’—ZT+kn,keZ,
9= 1 otherwise
2+ targx’ '

Prove that the functiog(x) = f(x) + f (ax) is periodic if and only ifais a rational
number.

2. Given seven nonnegative real numbers whose sum is 1. Fmaveall these
numbers can be placed on a circle such that the sum of all ptedéiadjacent
. 1
numbers is less than or equal;;o

3. LetAbe the set of all 11-tuples whose elements are 0 and 1. Elerottite set
A are placed in a sequence in the following way:

1° First element of the sequence&0,...,0).

2° (n+1)-stelement of the sequence is obtained fronTttle element chang-
ing the rightmost possible digit which will lead to an 114eithat hasn’t
appeared already in the sequence.

Find the 11-tuple on the 1993-rd position.

4. Equilateral triangle®CB;, CDC;, DAD; are constructed outside the convex
quadrilateralABCD. If P agndQ are, respectively, the midpoints BfC; and
C;D; andR the midpoint ofAB, prove that the trianglBQRis equilateral.
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