Viethamese IMO Team Selection Test 1994
First Day — May 18

1. A parallelogramABCD is given. LetE andF be points on the sideBC and
CD respectively such that the triangl@8E andBCF have the same area. The
diagonalBD intersectAE atM andAF atN.

(a) Prove that there exists a triangle with sides equBNOMN, ND.
(b) WhenE andF vary so that the length dfIN decreases, prove that the
circumradius of the triangle from (a) also decreases.
2. For a given positive integé\, consider the equation iy, z t:
X2+ Y2+ 2 +12 = N(xyzt+1).

Prove that this equation has a solution in positive intef@rsnfinitely many
values ofN. Also prove that the considered equation has no solutiopesitive
integers ifN = 4“(8m+ 7) for some nonnegative integeksindm.

3. LetP(x) be a polynomial of degree 4 having four positive roots. Pt the
equation
1—4x 1-—4x
v P(x) + (1— v ) P'(x)—P"(x) =0

also has four positive roots.

Second Day — May 19

4. LetM be a point in the plane of an equilateral trianglBC and letA’, B’,C’ be
respectively symmetric t8, B, C with respect taM.

(a) Prove that there is a unique pomequidistant fromA andB’, from B and
C’, and fromC andA.

(b) LetD be the midpoint ofAB. For a pointM # D, let the linesDM andAP
meet atN. Prove that, whei varies, the circumcircle MNP passes
through a fixed point.

5. Find all functionsf : R — R satisfying for all reak,
f (\@x) +1 ((4+ 3\/§)x) = 2f ((2+ \fZ)x) .

6. Evaluate
T- 1
B Z ny!np! -+ Niggd (N2 + 2n3+ - - + 19931 994)! ’

where the sum is taken over all 1994-tup(es,...,N1994) Of Natural numbers
satisfyingns + 2np+ - - - + 19941994 = 1994.
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