Vietnamese IMO Team Selection Test 1991

First Day

1. Consider all setS consisting oin points in the plane that satisfy:

(i) The distance between any two points3it at most 1;

(i) Every pointA € Shas exactly twareighbors, where two points are said to
be neighbors if they are on the distance 1 apart.

(i) If AandB are any two points iis, A’, A” the two neighbors o, andB’, B”
the two neighbors oB, then/A'AA” = /B'BB".

Is there such a s&if (a) n=1991; (b)n = 20007

2. Anon-constantand monotone sequemcey, ..., a, of n > 2 positive real num-

a

bers and real numbexsy satisfyingg > :1;&1 are given. Prove that
-

n ay - n
k; A X+ a2y — X+’

wherean.j = g;.

3. The sequenci,) is defined by(x1,x2,X3,%1) = (1,9,9,1) and

Xn+4 = \4/ Xan+1Xn+2Xn+3 fOI‘ n Z 1

Prove that this sequence converges and find its limit.
Second Day

4. For each tetrahedra@nwhose all faces are right triangles and whose edge lengths
do not exceed 1, defing(T) = S+ S5+ S+ S, whereSy, ..., S, are the areas
of the faces ofl. Find the maximum value af (T).

5. Letnbe a positive integer and lat= p5*p3? - - - pi*, wherep; are distinct primes
anda; positive integers. Put

F(n) = 1 ifn=1,
S| 1+aprtootakpk ifn>1

For every natural numbey definefs(n) = f(... f(n)...), i.e. f appliedstimes.
Prove that for everyd € N there existsy such that the sunfis(8) + fs_1(B) is
constant fos > 5.

6. LetX be a set of & distinct real numbersn(> 3). Consider a se of pairs of
elements oK satisfying the following conditions:
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() If (x,y) € Kthen(y,x) £ K.
(i) Each elemenk of X belongs to at most 19 pairs ia

Prove that seX can be partitioned into five nonempty subs§tsXy, X3, X4, Xs
so that there are at mosh Bairs(x,y) € K with x,y belonging to the samx.
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