
Vietnamese IMO Team Selection Test 1991

First Day

1. Consider all setsS consisting ofn points in the plane that satisfy:

(i) The distance between any two points ofS is at most 1;

(ii) Every pointA ∈ S has exactly twoneighbors, where two points are said to
be neighbors if they are on the distance 1 apart.

(iii) If A andB are any two points inS, A′,A′′ the two neighbors ofA, andB′,B′′

the two neighbors ofB, then∠A′AA′′ = ∠B′BB′′.

Is there such a setS if (a) n = 1991; (b)n = 2000?

2. A non-constant and monotone sequencea1,a2, . . . ,an of n > 2 positive real num-

bers and real numbersx,y satisfying
x
y
≥ a1−a2

a1−an
are given. Prove that

n

∑
k=1

ak

ak+1x + ak+2y
≥ n

x + y
,

wherean+i = ai.

3. The sequence(xn) is defined by(x1,x2,x3,x4) = (1,9,9,1) and

xn+4 = 4
√

xnxn+1xn+2xn+3 for n ≥ 1.

Prove that this sequence converges and find its limit.

Second Day

4. For each tetrahedronT whose all faces are right triangles and whose edge lengths
do not exceed 1, defineσ(T ) = S2

1 + S2
2 + S2

3+ S2
4, whereS1, . . . ,S4 are the areas

of the faces ofT . Find the maximum value ofσ(T ).

5. Letn be a positive integer and letn = pa1
1 pa2

2 · · · pak
k , wherepi are distinct primes

andai positive integers. Put

f (n) =

{

1 if n = 1,

1+ a1p1 + · · ·+ ak pk if n > 1.

For every natural numbers, definefs(n) = f (. . . f (n) . . . ), i.e. f applieds times.
Prove that for everyβ ∈ N there existss0 such that the sumfs(β )+ fs−1(β ) is
constant fors > s0.

6. Let X be a set of 2n distinct real numbers (n ≥ 3). Consider a setK of pairs of
elements ofX satisfying the following conditions:

1

The IMO Compendium Group,
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(i) If (x,y) ∈ K then(y,x) 6∈ K.

(ii) Each elementx of X belongs to at most 19 pairs inK.

Prove that setX can be partitioned into five nonempty subsetsX1,X2,X3, X4,X5

so that there are at most 3n pairs(x,y) ∈ K with x,y belonging to the sameXi.
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