
Vietnamese IMO Team Selection Test 2008

First Day

1. Given an anglexOy in a plane, letM be a mobile point on rayOx andN a mobile
point on rayOy. Let d be the external angle bisector of∠xOy and letI be the
intersection ofd with the perpendicular bisector ofMN. Let P andQ be two
points that lie ond such thatIP = IQ = IM = IN, and letK = MQ∩NP.

(a) Prove thatK always lie on a fixed line.

(b) Letd1 be the line perpendicular toIM atM and letd2 be the line perpendic-
ular toIN atN. Assume thatd intersectsd1 andd2 atE andF respectively.
Prove thatEN, FM, andOK pass through a point.

2. Find all values of the positive integerm such that there exist polynomials
P(x), Q(x), R(x,y) with real coefficients satisfying: For every real numbersa
andb such thatam − b2 = 0 the following relations hold:P(R(a,b)) = a and
Q(R(a,b)) = b.

3. Given an integern > 3, letT = {1,2, . . . ,n}. A subsetS of T is called anice set
if it satisfies: There exists a positive integerc which is not greater thann/2 such
that |s1− s2| 6= c for every pair of arbitrary elementss1,s2 ∈ S. How many nice
sets are there?

Second Day

1. Let m andn be positive integers. Prove that 6m|(2m + 3)n + 1 if and only if
4m|3n +1.

2. Let k be a positive real number. LetO be the circumcenter of the acute-angled
and non-isosceles triangleABC. Let L, M, N be the points on the internal angle
bisectorsAD, BE, andCF such thatAL

AD = BM
BE = CN

CF = k. Denote byk1, k2, and
k3 the following three circles: Circle throughL that touchesOA at A; the circle
throughM that is tangent toOB at B, and the circle throughN that is tangent to
OC atC.

(a) Prove that whenk = 1
2 the three circlesk1, k2, andk3 have exactly two

common points.

(b) Find all values ofk for which these three circles have exactly two common
points.

3. Each of the numbers from the setM = {1,2, . . . ,2008} is painted in one of the
three colors: blue, yellow, or red. Each color is used at least once. Define the
following two sets:

S1 =
{

(x,y,z) ∈ M3 : x,y,z have the same color and 2008|(x + y + z)
}

S2 =
{

(x,y,z) ∈ M3 : x,y,z have three pairwisely different colors

and 2008|(x + y + z)} .
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Prove that 2|S1| > |S2|.
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