37-th Viethamese Mathematical Olympiad 1999
First Day — March 12

1. Solve the system of equations

(1+ 42x7y) Bl-2¢ty  — 14 22-y+l
Y +ax+1+In(y?+2x) = 0.

2. LetA',B',C’ be the midpoints of the ar®8C,CA, AB of the circumcircle of a
triangle ABC, not containingA, B,C, respectively. The sideBC,CA and AB
meet the pairs of segmer@sy’, A'B'; AB',B'C' andB'C’,C’'A’ atM,N; P,Q and
R, Srespectively. Prove thaiN = PQ = RSif and only if the triangleABC is
equilateral.

3. The sequences,) and(yn) are defined recursively as follows:

Xo=1 XxX1=4, Xp12=3Xnt1— Xn,

foralln> 0.
Yo=1, Y1=2, Yni2=3Ynr1—Yn, -

(@) Prove thax? —5y2+4 =0 foralln>0.

(b) Suppose thaa,b are positive integers satisfyiraf — 5b% + 4 = 0. Prove
that there existk > 0 such thaky, = a andyy = b.
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4. Leta,b,c be positive real numbers such ttedic+ a+ c = b. Find the greatest

possible value of
2 2 3

@31 1l 21

5. LetOx, Oy, Oz Ot be rays in space, not all in the same plane, such that thesangle
between any two of them have the same measure.

P

(a) Determine this common measure.

(b) Let a rayOr, different from these four rays, form anglespg,y, d with
Ox, Oy, Oz Ot, respectively. Denote

P = COSA + COSP 4 cosy+ cosd, q= cos a + cos B+ coS y+ cos d.
Prove thatp andq remain constant whe@r varies.

6. Let T denote the set of nonnegative integers not greater than. 188l all
functionsf : Ng — T which satisfy

ft)=t forallt €T,
f(m+n)=f(f(m+ f(n)) forallmneN.
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