
35-th Vietnamese Mathematical Olympiad 1997

First Day

1. LetS be a circle with centerO and radiusR, andP be a fixed point in the plane
with OP = d < R. LetABCD be a variable quadrilateral whose diagonalsAC and
BD are perpendicular and meet atP. Find the maximum and minimum value of
the perimeter of the quadrilateralABCD in terms ofR andd.

2. Letn > 1 be an integer not divisible by 1997. Define

ai = i+
in

1997
, i = 1,2, . . . ,1996;

b j = j +
1997j

n
, j = 1,2, . . . ,n−1.

Let (ck)
n+1995
k=1 be the increasing sequence formed of theai’s andb′js. Prove that

ck+1− ck < 2 for all k.

3. How many functionsf : N → N are there which satisfy

f (1) = 1 and f (n) f (n +2) = f (n +1)2+1997 for alln?

Second Day

4. (a) Find a polynomialP with rational coefficients of the minimum degree such
thatP

(
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3+ 3
√

9
)

= 3+ 3
√

3.

(b) Does there exist a polynomialQ with integer coefficients such that
Q

(
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√

9
)

= 3+ 3
√

3?

5. Prove that for each positive integern there is a positive integerm such that 19m−
97 is divisible by 2n.

6. Let be given 75 points inside a unit cube, no three of which are collinear. Prove
that there exists a triangle with vertices in these points and area not exceeding
7/72.
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