34-th Viethamese Mathematical Olympiad 1996

First Day

1. Solve the system of equations:
\/§<<1+i):2, \/7—y(1—i)=4\f2.
X+y X+y

2. Let be given a trihedral anglexyz. A plane i, not passing througls, cuts
X, Sy, SzatA, B,C respectively. On the plare, outside/AABC, are constructed
trianglesDAB, EBC, FCA congruent tdSAB, SBC, SCA respectively. A sphere
inside Sxyz, but outsideSABC, touches the planes containing the faceSABC.
Prove that the point of tangency betweeandis the circumcenter of triangle
DEF.

3. Let k,n be integers with 1< k < n. Find the number of orderel-tuples
(a1,8,...,a) of distinct elements of the s¢t,2,...,n} such that:

(i) there are indices,t such thas <t andas > &;
(ii) there existsssuch thats — sis odd.

Second Day

4. Find all functionsf : N — N satisfying

f(n)+f(n+1)=f(n+2)f(n+3)—-1996 forallne N.

5. If ABCis a triangle withrBC = 1 andZA = a, find the shortest distance betwen its
incenter and its centroid. If(a) denotes this shortest distance, find the greatest
value off (a) whenm/3< a < .

6. Suppose that, b, c,d are nonnegative real numbers satisfying
2(ab+ bc+ cd+ da+ ac+ bd) + abc + bed+ cda+ dab = 16.

Prove that 8a+ b+ c+d) > 2(ab+ bc+ cd+da+ac+ bd).
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