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First Day

1. A tetrahedronABCD is such that

∠ACD+∠BCD = ∠BAC+∠CAD+∠DAB =
= ∠ABC +∠CBD+∠DBA = 180◦.

Given that∠ACB = α andAC+CB = k, compute the total area of the surface of
the tetrahedronABCD.

2. For a positive numbern, f (n) is the number of divisors ofn which are congruent
to 1 or -1 modulo 10, andg(n) is the number of divisors which are congruent to
3 or -3 modulo 10. Prove thatf (n) ≥ g(n).

3. Three real sequences(an), (bn), (cn) are constructed as follows:

(i) a0 = a, b0 = b, c0 = c, wherea,b,c are given real numbers

(ii) ak+1 = ak +
2

bk + ck
, bk+1 = bk +

2
ck + ak

, ck+1 = ck +
2

ak + bk
for all k.

Prove thatan tends to infinity asn tends to infinity.

Second Day

4. The field of a 1991× 1992 board in them-th row andn-th column is denoted
as (m,n). We color some squares of the board as follows. At first, we color
fields (r,s), (r + 1,s + 1) and(r + 2,s + 1), wherer,s are given numbers with
1≤ r ≤ 1989 and 1≤ s ≤ 1991. Afterwards, at each step we color red three yet
uncolored fields which are in the same row or column. Can we color all the fields
of the board according to this rule?

5. The two diagonals of a rectangleH form an angle not exceeding 45◦. The
rectangleH , when rotated around its center for an anglex (0≤ x < 360◦), maps
onto a triangleHx. Findx for which the area of the intersection ofH andHx is
the greatest possible.

6. Letn1 < n2 < · · · < nk be positive integers. Prove that all real roots of the poly-

nomialP(x) = 1+ xn1 + xn2 + · · ·+ xnk are greater than
1−

√
5

2
.
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