27-th Viethamese Mathematical Olympiad 1989
First Day

1. LetnandN be natural number. Prove that for amyO0 < a < N, and any reax,
it holds that

L sin((a +k)x)

2 Nk

< min ((n+ 1)|x],
K=0

)
N|sin3| /"

2. The Fibonacci sequence is definedBy=F, =1 andF,,1 = R, + Fy_1 for
n> 1. Let f(x) = 1985+ 1956« + 1960. Prove that there exist infinitely many
natural numbers for which f(F,) is divisible by 1989. Does there existfor
which f(F,) 4+ 2 is divisible by 19897

3. A squareABCD of side length 2 is given on a plane. The segnfiis moved
continuously toward€D until A andC coincide withC andD respectively. Let

Shbe the area of the region formed by the segnf@tvhile moving. Prove that

AB can be moved in such a way tHak %ﬂ

Second Day

4. Are there integers,y, not both divisible by 5, such that
X2 + 19y = 198.10'98%

5. The sequence of polynomialB,(x)) is defined inductively byPy(x) = 0 and

X — Pn(x)?
Pria(3) = Pr(x) + XX
bernit holds that

. Prove that for any € [0, 1] and any natural num-

2
0< VX—Pa(X) < ——.
S VX=R0 < n+1
6. Let be given a parallelepipe8BCDA'B'C’'D’. Show that if a lined intersects
three of the linef\B’,BC’,CD’, DA/, then it intersects also the fourth line.
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