
22-nd Vietnamese Mathematical Olympiad 1984

First Day

1. (a) Find a polynomial with integer coefficients of the smallest degree having√
2+ 3

√
3 as a root.

(b) Solve 1+
√

1+ x2

(

√

(1+ x)3−
√

(1− x)3

)

= 2
√

1− x2.

2. The sequence(un) is defined byu1 = 1, u2 = 2 andun+1 = 3un−un−1 for n ≥ 2.

Setvn =
n

∑
k=1

arccotuk. Compute lim
n→∞

vn.

3. A squareABCD of side length 2a is given on a planeΠ. Let S be a point on the
ray Ax perpendicular toΠ such thatAS = 2a.

(a) LetM ∈ BC andN ∈CD be two variable points.

i. Find the positions ofM,N such thatBM +DN ≥ 3/2, planesSAM and
SMN are perpendicular andBM ·DN is minimum.

ii. Find M andN such that∠MAN = 45◦ and the volume ofSAMN attains
an extremum value. Find these values.

(b) Let Q be a point such that∠AQB = ∠AQD = 90◦. The lineDQ intersects
the planeπ throughAB perpendicular toΠ at Q′.

i. Find the locus ofQ′.
ii. Let K be the locus of pointsQ and letCQ meetK again atR. Let

DR meetsπ at R′. Prove that sin2 Q′DB +sin2 R′DB is independent of
Q.

Second Day

4. (a) Letx,y be integers, not both zero. Find the minimum possible value of
|5x2 +11xy−5y2|.

(b) Find all positive real numberst such that
9t
10

=
[t]

t − [t]
.

5. Given two real numbersa,b with a 6= 0, find all polynomialsP(x) which satisfy

xP(x−a) = (x−b)P(x).

6. Consider a trihedral angleSxyz with ∠xSz = α, ∠xSy = β and∠ySz = γ. Let
A,B,C denote the dihedral angles at edgesy,z,x respectively.

(a) Prove that
sinα
sinA

=
sinβ
sinB

=
sinγ
sinC

.

(b) Show thatα + β = 180◦ if and only if ∠A +∠B = 180◦.

(c) Assume thatα = β = γ = 90◦. LetO ∈ Sz be a fixed point such thatSO = a
and letM,N be variable points onx,y respectively. Prove that∠SOM +
∠SON +∠MON is constant and find the locus of the incenter ofOSMN.
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