22-nd Viethamese Mathematical Olympiad 1984

First Day

1. (a) Find a polynomial with integer coefficients of the slestl degree having
V2+ /3 as aroot.

(b) Solve 1+ v/1+x2 (\/(1+x)3— \/(1—x)3) —2\/1-%.

2. The sequencel,) is defined byu; = 1, u, = 2 andup1 = 3up — Up—1 forn> 2.
n

Setv, = z arccotuy. Computen limv.
k:l |—> 00

3. A squareABCD of side length 2 is given on a planél. Let Sbe a point on the
ray Ax perpendicular td1 such thalAS= 2a.

() LetM € BC andN € CD be two variable points.
i. Find the positions oM, N such thaBM + DN > 3/2, planesSAM and
SMN are perpendicular arBM - DN is minimum.
ii. Find M andN such that“MAN = 45° and the volume 0BAMN attains
an extremum value. Find these values.
(b) LetQ be a point such that AQB = ZAQD = 9(¢°. The lineDQ intersects
the planerrthroughAB perpendicular td1 atQ'.
i. Find the locus ofY'.
ii. Let 7 be the locus of point® and letCQ meet.#” again atR. Let
DR meetsTatR. Prove that sitQY DB + sir? R DB is independent of

Q.
Second Day
4. (a) Letx,y be integers, not both zero. Find the minimum possible vafue o
|5%% 4 11xy — 5y?.
. y o [
(b) Find all positive real numbetssuch thaE = m

5. Given two real numbeia b with a # 0, find all polynomiald®(x) which satisfy
xXP(x—a) = (x—Db)P(x).

6. Consider a trihedral angkxyz with / xSz = a, /xSy =8 and/ySz=y. Let
A, B,C denote the dihedral angles at edgasx respectively.
sina  sinB  siny
t = =
(a) Prove thatsinA sinB ~ sinC’
(b) Show thatr + 3 = 18C if and only if ZA+ /B =180".
(c) Assume thatr =3 =y=90". LetO € Szbe a fixed point such th& =a

and letM,N be variable points om,y respectively. Prove that SOM +
ZS0ON + ZMON is constant and find the locus of the incente©&VIN.
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