
45-th Vietnamese Mathematical Olympiad 2007

February 8
Time allowed: 3 hours

1. Solve the system of equations

1− 12
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.

2. Let x,y be integers different from−1 such that
x4−1
y +1

+
y4−1
x +1

is an integer.

Prove thatx4y44−1 is divisible byx +1.

3. PointsB andC in the plane are fixed, while pointA varies. LetH be the or-
thocenter andG be the centroid of triangleABC. Find the locus of pointsA for
which the midpointK of GH lies on lineBC.

4. Consider a regular 2007-gon. Find the smallestk with the following property: In
every set ofk vertices there are four which form a quadrilateral three of whose
sides are also sides of the 2007-gon.

5. Given a positive numberb, find all functionsf : R → R satisfying

f (x + y) = f (x) ·3by+ f (y)−1 + bx
(

3by+ f (y)−1−by
)

for all x,y.

6. A trapezoidABCD with BC ‖ AD andBC > AD is inscribed in a circlek with
centerO. A variable pointP on the lineBC outside the segmentBC is such that
PA does not touchk. The circle with diameterPD intersectsk at E 6= D. The
linesBC andDE meet atM, andPA intersectsk again atN. Prove that the line
MN passes through a fixed point.

7. Leta > 2 be a given real number. Forn ∈ N define

fn(x) = a10xn+10+ xn + · · ·+ x +1.

Prove that for everyn the equationfn(x) = a has exactly one positive real root
xn. Prove that the sequence(xn) has a finite limit whenn → ∞.
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