43-rd Vietnamese Mathematical Olympiad 2005
First Day

1. The real numbersandy satisfy the condition
X—=3VX+1=3y+2-vV.

Find the maximum and minimum values®f= x+.

2. PointsAandB are given on a circle with cent€and radiusk so thatO does not
lie on AB. LetC be a variable point on the circle, distinct frofvandB. Circle
O throughA touchesBC atC, and circleO, throughB touchesAC atC. Circles
0O, andO, meet alC andD.

(a) ProvethaCD < R.

(b) Prove that all line€D pass through a fixed point.

3. LetAA;. .. Ag be a convex octagon with no three diagonals concurrent. We ca
intersections of its diagonalsittons, and convex quadrilaterals determined by
four vertices of the octagosub-quadrilaterals. Find the smallesh for which
it is possible to colon buttons so that for all distinagtk € {1,...,8} number

s(i, k) is the same, whers(i,k) denotes the number of sub-quadrilaterals with
two vertices a#;, Ax whose diagonals meet at a colored button.

Second Day
4. Find all functionsf : R — R satisfying the condition
F(f(x—y)) = FX)F(y)— f(x)+F(y)—xy forallxy.

5. Find all triples of natural numbe(s,y,n) such tha =3"

X! {
fadl

6. The sequencg,) is defined byx; =a<€ R and
Xni1 =S —TXe4+5x, forn=123,...

Find alla for which (xy) has a finite limit whem — c and determine that limit.
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