41-st Viethnamese Mathematical Olympiad 2003

First Day - March 13

1. Letf :R — R be afunction satisfyind(cotx) = cos X+ sin2for all x € (0, 7).
Setg(x) = f(x) f (1—x) for —1 <x < 1. Find the minimum and maximum values
of gon the interva[—1,1].

2. On the plane are given two circlies andk, with centers aD; andO, respec-
tively that are externally tangent at pot The radius ok; is greater than that
of k. For a pointA on k, and not on the lin€®;0,, let AB andAC be the two
tangents td; (with B andC onk;). The linesMB andMC cutk; at E andF
respectively, and the linEF meets the tangent tp drawn atA in a pointD.
Show that whel\ assumes all possible positionsien D will lie on a fixed line.

3. For any integen > 1, letS, denote the number of permutatiofzg, ay, . ..,an)
of numbers 12,...,nsuch that I< |ay — k| < 2 fork=1,2,...,n. Prove that

231,1 <$ <25, foralln>6.

Second Day - March 14

4. Find the greatest positive integefor which the system
(X+1)2+y2 = (x+2)2+y5 = = (X+N)?+y2
has an integer solutiofx, y1, ..., Yn)-
5. Consider the polynomials
P(x) =4 —2x*—15x+9 and Q(x) =12+ 6x% — 7x+ 1.

(a) Prove that each of these polynomials has three diseatzeros.

(b) If a andp are the greatest zeros Bfand Q respectively, show that? +
3B%=4.

6. Let.Z be the set of all function§ : R — R+ satisfying the condition
f(3x) > f(f(2x))+x forall x> 0.

Find the greatest real numberwith the property thaf (x) > axfor all f € #
andx > 0.
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