39-th Viethamese Mathematical Olympiad 2001

First Day — March 12

1. Two circles(O1) and (O,) intersect atA and B, and their common tangent
touches(0O;) at P, and (Oy) at P,. Let M; andM, be the orthogonal projec-
tions of P, andP; on the line0;0,. The lineAM; cuts(O;) again atN;, and
AM, cuts(O,) again atN,. Prove that the point8,N;, N, are collinear.

2. Letbe given a positive integarand two coprime integeis b greater than 1. Let
p andq be two odd divisors 0&S" + b®" different from 1. Find the remainder of
p®" -+ ¢®" when divided by 612",

3. Given real numbera, b, the sequencéx),_ is defined by = aand
Xni1 = Xn+ bsinx, foreveryn> 0.
(a) If b= 1, prove that for everg, the sequenceéx,) has a finite limit when

n — oo, and find this limit.

(b) Prove that for everyp > 2 there exists a real numbarfor which the se-
quencex,) does not have a finite limit whem— .
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4. Letx,y,zbe positive real numbers that satisfy:

1

1 H .
NG <z< Emln{xﬂ,y\/ﬁ},
X+2v/3> V6;

yV3+2v/10> 2V5.
2 3

. . 1
Find the maximum value d®(x,y,z) = 2 + ¥ + 2

. . 2 . : .
5. Consider the functiog(x) = 1+XX2. Find all continuous functions: (—1,1) —
R that satisfy

(1—x3)f(g(x)) = (1+x3)%f(x) forallxe (—1,1).

6. Letn > 1 be a given integer. Consider a permutatien, ay, ...,ax) of the
first 2n positive integers such that the numbéais 1 — &;| are distinct fori =
1,2,...,2n—1. Prove thata; — ay, = n if and only if 1 < ay < n for every
k=1,2,...,n.
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