
39-th Vietnamese Mathematical Olympiad 2001

First Day – March 12

1. Two circles(O1) and (O2) intersect atA and B, and their common tangent
touches(O1) at P1 and (O2) at P2. Let M1 andM2 be the orthogonal projec-
tions of P1 andP2 on the lineO1O2. The lineAM1 cuts(O1) again atN1, and
AM2 cuts(O2) again atN2. Prove that the pointsB,N1,N2 are collinear.

2. Let be given a positive integern and two coprime integersa,b greater than 1. Let
p andq be two odd divisors ofa6n

+b6n
different from 1. Find the remainder of

p6n
+q6n

when divided by 6·12n.

3. Given real numbersa,b, the sequence(xn)
∞
n=0 is defined byx0 = a and

xn+1 = xn +bsinxn for everyn≥ 0.

(a) If b = 1, prove that for everya, the sequence(xn) has a finite limit when
n→ ∞, and find this limit.

(b) Prove that for everyb > 2 there exists a real numbera for which the se-
quence(xn) does not have a finite limit whenn→ ∞.
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4. Letx,y,z be positive real numbers that satisfy:
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5.

Find the maximum value ofP(x,y,z) =
1
x2 +

2
y2 +

3
z2 .

5. Consider the functiong(x) =
2x

1+x2 . Find all continuous functionsf : (−1,1)→
R that satisfy

(1−x2) f (g(x)) = (1+x2)2 f (x) for all x∈ (−1,1).

6. Let n ≥ 1 be a given integer. Consider a permutation(a1,a2, . . . ,a2n) of the
first 2n positive integers such that the numbers|ai+1 − ai | are distinct fori =
1,2, . . . ,2n− 1. Prove thata1 − a2n = n if and only if 1≤ a2k ≤ n for every
k = 1,2, . . . ,n.
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