
8-th Taiwanese Mathematical Olympiad 1999

Time: 4.5 hours each day.

Part 1 – Taipei, April 1

1. Find all triples(x,y,z) of positive integers such that

(x+1)y+1+1 = (x+2)z+1.

2. Let a1,a2, . . . ,a1999 be a sequence of nonnegative integers such that for anyi, j
with i + j ≤ 1999,

ai +a j ≤ ai+ j ≤ ai +a j +1.

Prove that there exists a real numberx such thatan = [nx] for eachn.

3. There are 1999 people participating in an exhibition. Among any 50 people there
are two who don’t know each other. Prove that there are 41 people, each of whom
knows at most 1958 people.

Part 2 – Taipei, April 26

4. Let P∗ denote the set of odd primes less than 10000. Find all possible primes
p∈ P∗ such that for each subsetS= {p1, p2, . . . , pk} of P∗ with k≥ 2 and each
p /∈ S, there is aq∈ P∗ \Ssuch thatq+1 divides(p1 +1)(p2+1) · · ·(pk +1).

5. Let AD,BE,CF be the altitudes of an acute triangleABC with AB> AC. Line
EF meetsBC at P, and line throughD parallel toEF meetsACandABatQ and
R, respectively. LetN be any point on sideBCsuch that∠NQP+∠NRP< 180◦.
Prove thatBN > CN.

6. There are eight different symbols designed onn≥ 2 different T-shirts. Each shirt
contains at least one symbol, and no two shirts contain all the same symbols.
Suppose that for anyk symbols (1≤ k ≤ 7) the number of shirts containing at
least one of thek symbols is even. Determine the value ofn.
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