
6-th Taiwanese Mathematical Olympiad 1997

Time: 4.5 hours each day.

Part 1 – April 14

1. Leta be rational andb,c,d be real numbers, and letf : R→ [−1,1] be a function
satisfying

f (x+a+b)− f (x+b)= c[x+2a+[x]−2[x+a]− [b]]+d

for eachx. Show thatf is periodic.

2. Given a line segmentAB in the plane, find all possible pointsC such that in the
triangleABC, the altitude fromA and the median fromB have the same length.

3. Let n ≥ 3 be an integer. Suppose thata1,a2, . . . ,an are real numbers such that

ki =
ai−1 +ai+1

ai
is a positive integer for alli. (Herea0 = an andan+1 = a1.)

Prove that
2n≤ k1 +k2+ · · ·+kn ≤ 3n.

Part 2 – May 11

4. Let k = 22n
+ 1 for somen ∈ N. Show thatk is prime if and only ifk divides

3
k−1

2 +1.

5. LetABCD is a tetrahedron. Show that

(a) If AB= CD, AC= BD andAD = BC, then the trianglesABC, ABD, ACD,
BCDare acute.

(b) If the trianglesABC,ABD,ACD,BCD have the same area, thenAB= CD,
AC= BD, AD = BC.

6. Show that every number of the form 2p3q, where p,q are nonnegative inte-
gers, divides some number of the forma2k102k+a2k−2102k−2+ · · ·+a2102+a0,
wherea2i ∈ {1,2, . . . ,9}.

Part 3 – June 25

7. Find all positive integersk for which there exists a functionf : N → Z satisfying
f (1997) = 1998 and, for alla,b,

f (ab) = f (a)+ f (b)+k f(gcd(a,b)).
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8. Let O be the circumcenter andR be the circumradius of an acute triangleABC.
Let AO meet the circumcircle ofOBC again atD, BO meet the circumcircle of
OCAagain atE, andCOmeet the circumcircle ofOABagain atF. Show that

OD ·OE ·OF ≥ 8R3
.

9. Forn≥ k≥ 3, letX = {1,2, . . . ,n} and letFk a the family ofk-element subsets
of X, any two of which have at mostk−2 elements in common.Show that there
exists a subsetMk of X with at least[log2n]+1 elements containing no subset in
Fk.
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