3-rd Taiwanese Mathematical Olympiad 1994
Time: 4.5 hours each day.

First Day — Taipei, April 14, 1994

1. LetABCDbe a quadrilateral withD = BC and Z/A+ /B = 120°. Let us draw
equilateral triangleACP, DCQ, DBRaway fromAB. Prove that the poinR Q,R
are collinear.

2. Leta,b,c be positive real numbers amdbe any real number. Denote

f(a) =abga® + b 4cv),
g(a) = aa+2(b+c_a) + ba+2(c+ a—b) +Ca+2(a+ b—c).
Determing|f (a) — g(a)|.

3. Supposa is a positive integer such that®*— 1| a. Prove that the expression
of ain the base 5 contains at least 1994 nonzero digits.

Second Day — Taipei, April 15, 1994

4. Prove that there are infinitely many positive integergith the following prop-
erty: For anynintegersas, ay, . .., an which form in arithmetic progression, both
the mean and the standard deviation of the{sgt. .. ,an} are integers.

Remark. The mean and standard deviation of the{set. .., x,} are defined by

Y
g At . +én and/ z(x'n X) , respectively.

5. GivenX ={0,a,b,c}, letM(X) = {f | f : X — X} denote the set of all functions
from X into itself. An addition table oiX is given as follows:

o oTo® o+
O T ® OO
oo O W
o OO0 oo
O To o

(@) Ifs={feM(X) | f(x+y+x)=f(x)+ f(y)+ f(x) forall x,y € X}, find
the number of elements &

(b) If I ={f e M(X) | f(x+x) = f(x)+ f(x) for all x € X}, find the number
of elements of .

6. For—1<x<1andneN, define

Ta(X) = 1 [(x+ 1—x2)n+ (x— M)n} .

2n
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(a) Prove thaf,(x) is @ monic polynomial of degre®in x and that the maxi-
mum value of T,(x)| is 1/2"1.

(b) Suppose thap(x) = X"+ an_1x"" +--- +ag is a monic polynomial of
degreen with real coefficients such that(x) > —1/2" for all x, —1 <
x < 1. Prove that there exiskg, —1 < xo < 1 such thap(xg) > 1/2"1.
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