Swiss IMO Team Selection Tests 2004

First Test
May 15

1. LetShe the set of alh-tuples(X, ..., Xn) of subsets of the sdtL,2,...,1000},
not necessarily different and not necessarily nonempty: a8 (X1,...,Xn)
denote byE(a) the number of elements o U - - - UXq. Find an explicit formula

for the sum
E(a).
%

2. Find the largest natural numbefor which 42954 41500 4" s 3 square.

3. LetABC be an isosceles triangle withkC = BC, whose incenter is. Let P be a
point on the circumcircle of the trianghd B lying inside the triangleABC. The
lines througlP parallel toCA andCB meetAB atD andE, respectively. The line
throughP parallel toAB meetsCA andCB at F andG, respectively. Prove that
the linesDF andEG intersect on the circumcircle of the triangh8C.

Second Test
May 16

1. Leta, b, andc be positive real numbers such tladc = 1. Prove that
ab n bc . ca <1
a®+b°+ab b>+c®+bc co+a+ca”
When does equality hold?

2. A brick has the shape of a cube of size 2 with one corner wfie aemoved.
Given a cube of size™divided into unit cubes from which an arbitrary unit
cube is removed, show that the remaining figure can be buitdjtise described
bricks.

3. Find all finite sequencéso, X1, ..., %n) such that for everl, 0 <k <n, x equals
the number of timek appears in the sequence.

Third Test
June 12

1. The real numbers, b, c,d satisfy the equations:

Prove thatibcd = 2004.
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2. Letmbe a fixed integer greater than 1. The sequegce,Xo,... is defined as
follows: _
[ 2, ifO<i<m-1;
T sMaxog, ifizm

Find the greatedt for which the sequence contaiksonsecutive terms divisible
by m.

3. Let A1, Ao, ... A, be different subsets of amelement seX. Show that there
existsx € X such that the sets

AL\ {x} Ao\ {X}, o An\ {X}

are all different.

Fourth Test
June 13

1. In an acute-angled trianghBC the altitudesAU, BV,CW intersect aH. Points
X,Y,Z, different fromH, are taken on segmermbl, BV, andCW, respectively.

(a) Prove that ifX,Y,Z andH lie on a circle, then the sum of the areas of
trianglesABZ, AYC, XBC equals the area &BC.

(b) Prove the converse of (a).

2. Find all injective functions : R — R such that for all reak £y

X+y\ f(x)+ f(y)
f(x—y) "R Ty

3. Find all natural numbers which can be written in the form

(a+b+c)?

e wherea,b,c € N.
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