Swiss IMO Team Selection Tests 2000

First Test
April 28

1. A convex quadrilateradBCD is inscribed in a circle. Show that the line connect-
ing the midpoints of the arcaB andCD and the line connecting the midpoints
of the arcEBC andDA are perpendicular.

2. Real numberas,ay,..., a6 satisfy the conditions

16 16 )
a =100 and a=1000Q
2, 2,

What is the greatest possible valuesg§?

3. An equilateral triangle of side 1 is covered by five congtegjuilateral triangles
of sides < 1 with sides parallel to those of the larger triangle. Shoat ome
four of these smaller triangles also cover the large triangl

4. Let q(n) denote the sum of the digits of a natural numiper Determine

q(a(a(2006°%9))).

5. Consider all words of length consisting of the letters O,M. How many such
words are there, which contain no two consecuiVe?

Re-Test
April 28

1. Positive real numbessy,z have the sum 1. Prove that

VIX+3+/Ty+3+V72+3< 7.
Can number 7 on the right hand side be replaced with a smallestant?
2. Show that the equation 44 15y? = 729 has no integer solutions.
3. Letf(x) = 4;4—12 for x > 0. Evaluate
i)
& \1291 '

4. Two given circlek; andk; intersect at point® andQ. Construct a segmeAB
throughP with the endpoints dt; andk; for which AP- PB is maximal.
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5. At ndistinct points of a circular race course thereaars ready to start. Each
car moves at a constant speed and covers the circle in an @ounearing the
initial signal, each of them selects a direction and stadsing immediately. If
two cars meet, both of them change directions and go on witbsa of speed.
Show that at a certain moment each car will be at its startaigtp

Second Test
May 20

1. The vertices of aregulanzgon (h > 3) are labelled with the numbers2 ... .. 2n
so that the sum of the numbers at any two adjacent verticedste sum of the
numbers at the vertices diametrically opposite to them.wSthat this is only
possible ifn is odd.

2. Find all functionsf : R — R such that for all reak,y,
FEO) +y) = F0¢ —y) +4yf(x).

3. The incircle of a triangleABC touches the side8B,BC,CA at pointsD,E,F
respectively. LeP be an internal point of triangl&BC such that the incircle of
triangle ABP touchesAB at D and the sideé\P andBP at Q andR. Prove that
the pointsE, F,R Q lie on a circle.

4. The polynomiaP of degreen satisfiesP(k) = % fork=0,1,2,...,n. Find
P(n+1).
5. LetS= {P1,P,,...,Pxoo0} be a set of 2000 points in the interior of a circle of

radius 1, one of which atits center. Fet 1,2, ...,2000 denote by; the distance
from R to the closest poirf; # R. Prove that

X%+X%+'..+X§OOO
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