45-th Spanish Mathematical Olympiad 2009

Sant Feliu de Guixols, March 27-28, 2009
First Part

1. Find all finite sequences consistingrofonsecutive natural numbeasg, ap, - - -,
an, with n> 3, such thaby +a» +--- +an = 2009.

2. LetABC be an acute trianglé,the center of its inscribed circle its radius, and
Rthe radius of the circumcircle @R ABC. We draw altitudedAD = h,, with D on
sideBC. Prove that

DI2 = (2R—hg)(ha — 2r).

3. Some edges of a regular polyhedron are painted redjootl coloring is one
in which, for each vertex, there is a non-red edge origigadinthat vertex. A
coloring iscompletely good if it is good and no face is completely surrounded by
red edges. For which regular polyhedra is the maximum nurobedges that
can be painted in a good coloring the same as in a completely galoring?

Second Part

4. Find all pairs of integer§x, y) satisfying

X2 —y*=2009

5. Leta, b, andc be positive real numbers such ttadic = 1. Prove that
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6. Given two pointsA andB inside the circle with centeD and radiug, assume
thatA andB are symmetric with respect . We consider a variable poiRton
the circumference and we draw the ch@¥el, perpendicular té\P. LetC be the
symmetric point tdB with respect td®P’. Find the locus of point® = ACN PP/,
asP varies.
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